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Abstract

Empowering Deep Learning on Graphs:
Tackling Over-smoothing and Over-squashing

Choi, Jeongwhan
Department of Artificial Intelligence
Graduate School
Yonsei University

Graphs are ubiquitous data structures, prevalent from e-commerce platforms to complex
molecular structures, abstracting the rich interactions between individual entities. The
increasing reliance on graph-structured data in diverse real-world applications necessitates
the development of effective representations for graph nodes. Recent advancements in deep
learning on graphs, particularly through Graph Neural Networks (GNNs), have led to
significant breakthroughs in various fields by enabling the learning of these representations.
However, deep learning on graphs still faces fundamental challenges. Firstly, GNNs operate by
propagating information through the connected neighborhood structure of the graph. While
increasing the number of GNN layers allows for the capture of higher-order neighborhood
information, this iterative aggregation process can lead to the over-smoothing problem, where
the representations of different nodes become increasingly similar and lose their distinctiveness.
This phenomenon can be understood by viewing the diffusion process inherent in GNNs.
Secondly, real-world graphs often contain critical long-range dependencies and interactions.
Nodes in these graphs face limitations in effectively receiving information from distant
nodes due to the over-squashing problem. Over-squashing arises as a bottleneck, where a
node’s fixed-dimensional feature vector must compress an exponentially growing amount of
information originating from its expanding receptive field in deeper layers.

This thesis proposes novel approaches to tackle these two critical issues: over-smoothing
and over-squashing. To mitigate over-smoothing, we propose new architectures for both
GNNs and Transformers. For GNNs, we draw inspiration from reaction-diffusion equations to
design a novel layer incorporated into our proposed method, GREAD, which prevents feature
convergence by balancing smoothing and sharpening. We also explore over-smoothing in the
context of Transformers, interpreting their self-attention mechanism as a graph filter, and
propose Graph Filter-based Self-Attention as a novel mechanism to alleviate this problem in
Transformer models. To address over-squashing in GNNs, we present two distinct methods.
Recognizing limitations in existing graph rewiring techniques, our first method, PANDA,
introduces an expanded width-aware message passing framework designed to overcome
topological bottlenecks and over-squashing. Our second method, Fractal-Inspired Message
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Passing with Fractal Nodes, uses a fractal concept to improve message passing and enhance
the expressive power of GNNs, thereby facilitating more effective propagation of global
information and mitigating the decay of signal propagation associated with over-squashing.

As the scale and complexity of global data continue to grow, the relationships abstracted
by graph structures are becoming increasingly complex. The research presented in this thesis
aims to develop more effective graph representations and enhance the scalability of deep
learning models by effectively addressing over-smoothing and over-squashing. This will enable
these models to process complex graph relationships more efficiently and make a positive
impact across a wide range of domains.

Key Words : graph machine learning, graph neural network, over-smoothing, over-squashing
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Chapter 1

Introduction

Graphs are ubiquitous data structures that capture complex relationships in diverse domains

— from social networks |2 and molecular structures [3] to recommendation systems [4} |5] and
transportation networks |6} [7]. As our world becomes increasingly interconnected, the ability
to effectively learn from graph-structured data has emerged as a fundamental challenge in
machine learning. Graph Neural Networks (GNNs) have proven successful in our approach to
this challenge, demonstrating remarkable results on numerous applications. However, despite
their widespread adoption, GNNs face fundamental limitations that constrain their depth,
expressiveness, and ability to capture long-range dependencies.

1.1 Motivation and Challenges

The success of deep learning in computer vision and natural language processing has been
largely driven by its ability to stack many layers. However, directly applying this principle to
graphs reveals unique challenges:

1.1.1 The Over-smoothing Problem

Unlike images or text, where deeper networks generally improve performance, GNNs suffer
from a different phenomenon. As we add more layers, node representations converge to
indistinguishable values, and the features of the nodes we want to learn become similar [8} [9].
This over-smoothing problem can be understood through the lens of graph signal processing
— each layer acts as a low-pass filter, progressively removing high-frequency information until
all nodes become similar.

The GNN layer performs neighbor integration, which smooths out neighboring nodes to
make them similar. This process makes it difficult for the network to distinguish between
different nodes as the number of layers increases. This fundamental limitation has led most



practical GNNs to be limited to shallow structures of 2 or 3 layers, limiting their expressive
power.

1.1.2 The Over-squashing Problem

A second critical challenge emerges when GNNs attempt to propagate information across
distant nodes. The over-squashing phenomenon occurs when exponentially growing receptive
fields are compressed into fixed-size node representations [10], creating information bottlenecks.
This is particularly challenging for tasks requiring long-range dependencies, such as molecular
property prediction or social network analysis.

To address this issue, previous studies have proposed methods to add optimal edges using
graph rewiring methods |11} (12} |13, |14]. However, changing the structure of the original
graph through graph rewiring methods can fundamentally ignore the graph structure. We
need to find a way to address over-squashing from the perspective of the model architecture,
rather than relying on the rewiring method.

1.1.3 Two Distinct Challenges

These problems represent different challenges with different underlying causes:

e Over-smoothing is a phenomenon that occurs when local smoothing is excessive.
Excessive neighbor averaging causes nearby nodes to become indistinguishable, even
when the graph is well-connected.

e The phenomenon of over-squashing emerges from inadequate global propagation,
wherein structural bottlenecks impede the effective propagation of distant information,
regardless of local smoothing behaviors.

These challenges, therefore, require fundamentally different solutions: over-smoothing calls
for mechanisms that preserve features during local aggregation, while over-squashing requires
methods that enable efficient long-range information flow.

1.2 Thesis Contributions

This thesis presents a comprehensive treatment of these challenges through both theoretical
analysis and practical solutions. Our contributions span multiple architectures and domains:

1.2.1 Addressing Over-smoothing

We develop two complementary approaches to mitigate over-smoothing:

1. GREAD: Graph Neural Reaction-Diffusion Networks (Chapter : Drawing
inspiration from physics and biology, we redesign the graph convolution process through



reaction-diffusion equations. Unlike graph convolutions, which can be interpreted as a
diffusion process leading to over-smoothing, reaction-diffusion systems can maintain
stable, non-uniform patterns. We introduce 7 reaction types, including a novel Blurring-
Sharpening (BS) mechanism, and demonstrate that GREAD can effectively balance
local smoothing with feature sharpening, enabling much deeper architectures.

2. GFSA: Graph Filter-based Self-Attention (Chapter : Recognizing that over-
smoothing affects not only GNNs but also Transformers, we reinterpret self-attention
through the lens of graph signal processing. By designing self-attention as a learnable
graph filter that adaptively combines low and high-frequency components, GFSA
addresses over-smoothing while maintaining computational efficiency. Our approach
achieves consistent improvements across six diverse domains, from graph classification

to image classification and language modeling.

1.2.2 Addressing Over-squashing

We propose two novel frameworks that tackle over-squashing without compromising graph
structure:

1. PANDA: Expanded Width-Aware Message Passing (Chapter [4)): Rather than
modifying graph topology through rewiring — which can destroy domain-specific
information—PANDA selectively expands the hidden dimensions of bottleneck nodes.
By identifying nodes with high centrality and enabling variable-width message pass-
ing, PANDA maintains constant signal propagation even under severe topological
bottlenecks.

2. Message Passing with Fractal Nodes: Multi-scale Graph Representations
(Chapter : Inspired by the fractal nature of real-world networks, we introduce
auxiliary “fractal nodes” that capture subgraph-level information at multiple scales.
These nodes act as information highways, enabling efficient long-range propagation
while preserving local graph structure. Our approach achieves performance comparable
to graph Transformers while maintaining the linear complexity of message passing.

1.3 Impact and Significance

The methods developed in this thesis have both theoretical and practical implications:

e Theoretical Insights: Our thesis offers new perspectives on information flow in
graphs by connecting graph neural networks to diverse theoretical foundations, includ-
ing reaction-diffusion systems, signal processing, and fractal geometry. Rather than
empirical improvements, we methodically redesign existing graph neural networks and
self-attention mechanisms through principled physical and mathematical inductive



1.4

biases. These connections offer a deeper understanding of fundamental limitations and
provide a guide for future architectural innovations.

Practical Applications: By enabling deeper and more expressive graph networks,
our methods unlock new possibilities in drug discovery, social network analysis, and
scientific computing. The improved ability to capture long-range dependencies is crucial
for understanding complex systems, such as protein interactions or climate networks.

Broader Impact: As graph-structured data becomes increasingly prevalent — ranging
from knowledge graphs to biological networks — the ability to effectively learn from
such data becomes critical. This thesis makes a significant contribution to the field
by providing essential tools for the next generation of graph machine learning and
graph-based Al systems.

Thesis Organization

This thesis is structured to provide both theoretical foundations and practical solutions. We

tackle the research problems of over-smoothing and over-squashing in each chapter, as shown
in Table For both challenges, we cover the content and conclude as follows:

Chapters [2| and |3| address the over-smoothing challenge through GREAD (reaction-
diffusion networks) and GFSA (graph-filter self-attention), respectively.

Chapters [4] and [5] tackle over-squashing via PANDA (width-aware message passing)
and Fractal Nodes (multi-scale representations).

Chapter [6] concludes with a summary of insights, limitations, and directions for future

research.
Table. 1-1: Organization of the thesis
Challange Research Problem Chapter
Over-smoothing How can we mitigate over-smoothing in Chapters [2| and
GNNs and Transformers?
Over-squashing How can we mitigate over-squashing in Chapters [4| and

GNNs without relying on rewiring meth-
ods?




Chapter 2

Over-smoothing I

GNNs are one of the most popular research topics in deep learning. GNN methods have
typically been designed using the graph signal processing theory. In particular, diffusion
equations have been widely used for designing the core processing layer of GNNs, and
therefore, they are inevitably vulnerable to the notorious over-smoothing problem. Recently,
a couple of papers paid attention to reaction equations in conjunction with diffusion equations.
However, they all consider limited forms of reaction equations. To this end, we present a
reaction-diffusion equation-based GNN method that considers all popular reaction equations
in addition to one special reaction equation we designed. To our knowledge, our paper is
one of the most comprehensive studies on reaction-diffusion equation-based GNNs. In our
experiments with 9 datasets and 28 baselines, our method, called GREAD, outperforms them
in most cases. Further synthetic data experiments show that it mitigates the over-smoothing
problem and works well for various homophily rates.
The materials in this chapter have been published in Choi et al. [15].

2.1 Motivation

Graphs are a useful data format that occurs frequently in real-world applications, e.g.,
computer vision and graphics [16], molecular chemistry inference [17], recommendation
systems |18, [19], drug discovery [20} 21], traffic forecasting [7], and so forth. With the rise of
graph-based data, graph neural networks (GNNs) are attracting much attention these days.
However, there have been fierce debates on the neural network architecture of GNNs [22] [23]
24, 25] 126, 127, 28] 29, [30} |31}, |32, (33} |34} |35 [36].

Recently, many proposed methods have been designed based on the diffusion concept.
Many recent GNN methods that rely on low-pass filters fall into this category. Although they
have shown non-trivial successes in many tasks, it is still unclear whether it is an optimal
direction for designing GNNs.

In Table we compare recent methods. Most of them rely on diffusion processes, while



Table. 2-1: A comparison table of existing methods. ‘A’ means that it corresponds to a
specific type of reaction only.

Model Diffusion Reaction Continuous-time

GCN
FA-GCN
GPR-GNN
ACM-GCN
CGNN
GRAND
BLEND

GREAD

S|OO0O0O00O000
O|lHHHD DD
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some of them (i.e., FA-GCN [37], GPR-GNN [27], and ACM-GCN |[32]) partially utilize
reaction processes. Those three methods, however, utilize limited forms of the reaction
processes. In this regard, there do not exist any methods that fully consider diverse forms of
reaction processes — we consider 7 reaction processes.

To this end, we propose the concept of graph neural reaction-diffusion network (GREAD),
which is one of the most generalized architectures since we consider both the diffusion and
reaction processes. Reaction-diffusion equations are physical models that can be used when 1)
substances are diffused over space and time, and ii) they can sometimes react to each other.
Whereas diffusion processes smooth node features on a graph out, reaction-diffusion processes
lead to many local clusters that are also known as Turing patterns [38] (see Figure 2-1)). Since
it is natural that nodes on a graph also constitute local clusters (in terms of class labels), we
conjecture that reaction-diffusion equations are suitable for GNNs.

Our proposed model, GREAD, consists of three parts: an encoder, a reaction-diffusion
layer, and an output layer (cf. Equations to ) The reaction-diffusion layer has
seven different types in its core part as shown in Equation : i) Fisher (F), ii) Allen-Cahn
(AC), iii) Zeldovich (Z), iv) Blurring-sharpening (BS), v) Source (S), vi) Filter Bank (FB),
and vii) Filter Bank* (FB*). The first three reaction-diffusion equations are widely used in
many natural science domains, e.g., biology, combustion, and so on, and the last three are
used by some recent GNN methods |39} |40, 32]. In particular, the blurring-sharpening (BS)
equation is designed by us and marks the best accuracy in many cases.

For our experiments, we consider 6 heterophilic and 3 homophilic datasets — heterophilic
(resp. homophilic) means that neighboring nodes tend to have different (resp. similar) classes.
We also compare our method with a comprehensive set of 28 baselines, which covers early to
recent GNNs. Our contributions can be summarized as follows:

e We design a reaction-diffusion layer that incorporates seven types of reaction equations,
including one type, called BS, proposed by us.
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Figure. 2-1: An illustrative comparison between the diffusion equation in Equation (bot-
tom) and our proposed blurring-sharpening (reaction-diffusion) equation in Equation
(top) on a grid graph with one-dimensional node features. The diffusion equation causes the
problem of over-smoothing, while the reaction-diffusion seeks a balance between smoothing
and sharpening.

e We carefully integrate the seven reaction equation types into our GNN method and
customize its overall architecture for better accuracy. For instance, we use a soft
adjacency matrix generating method, which shows a synergistic effect with the reaction-

diffusion layer.

e We consider a comprehensive set of 9 datasets and 28 baselines. Our method marks

the best accuracy in many cases.

2.2 Preliminaries & Related Work

We first describe the meaning of the reaction-diffusion equation and various important GNN
designs, followed by neural ordinary differential equations.

2.2.1 Reaction-Diffusion Equations

Reaction—diffusion equations are typically used to model the spatial and temporal change of
the concentration of one or more chemical substances, i.e., substances are transformed into



each other via local chemical reactions and spread out over a surface in space via diffusion.
They are also frequently observed in other fields, such as biology, geology, physics (neutron
diffusion theory), and ecology. In the field of graph machine learning, diffusion (resp. reaction)
processes are typically carried out by applying low-pass (resp. high-pass) filters to graphs,
which also corresponds to image blurring (resp. sharpening).

2.2.2 Graph Neural Networks

Notation Let G = {V,£} be a graph with node set V and edge set £. The nodes are
associated with a feature matrix X € RIYI*F where |V| denotes the number of nodes
and F denotes the number of input features. A7 € {0,1}V*IV is the adjacency ma-
trix, where A’["Zaﬁ means the (7, j)-th element. The nodes are labelled by the index i € V,
and the one-hop neighborhood of each node is denoted as N;. The symmetric normalized
Laplacian matrix, a commonly used feature aggregation matrix in GNNs, is defined as
L :=1-D '2A7wD~1/2 = T — A, where the diagonal degree matrix of A" is D,
and A := D~1/2A7*D~1/2 i5 the symmetric normalized adjacency matrix — note that
A € [0, 1]VIxIVI

Graph Representation Learning GNNs [22] 23] 41, 25, |42| have many variants and
applications. We focus on a brief introduction to the representation learning for nodes
in supervised or semi-supervised classification tasks. Most existing approaches follow the
message-passing framework constructed by stacking layers that propagate and aggregate
node features.

The neighbor aggregation used in many existing GNNs implicitly exploits homogeneity
and often fails to generalize to non-homogeneous graphs. Many existing GNNs operate as
low-pass graph filters [43] that smooth features over the graph topology, which produces
similar representations and, as a result, similar predictions for neighboring nodes |44, |8, |45].
Various GNNs were proposed to improve performance in low-homophily settings [46, 47} |28,
27,148,130, |32, |36, 149} [31] and alleviate the over-smoothing problem. |50l {26} |51} |33].

Diffusion on Graphs and Continuous GNNs The diffusion on graphs has recently
been actively used in various applications |52} [53], including data clustering [54} [55], image
processing [56} 57} [58], and so on. It is to apply the following diffusion process to the feature
matrix X of a graph:

dX(t
% = div(A(X(t)))VX(t)) = —LX(¢), (2.1)
where div and V are the divergence and the gradient operators, respectively. The initial
features are evolved under the diffusion process to have the final representation. The diffusion



equation and its unit-step Euler discretization can be defined as follows:
X(t+1)=X() — LX(t) = (I-L)X(t). (2.2)

This is similar to GCN [22] where the following augmented diffusion process with a weight
matrix W and a nonlinear activation o is used:

o((I - L)X (t)W). (2.3)

From this perspective, several papers have proposed continuous-depth GNNs [59) |5, 60,
40, |61] inspired by the graph diffusion equation. One recent work is GRAND [34], which
parameterizes the diffusion equation on graphs with a neural network. BLEND [35] used a
non-Euclidean diffusion equation (known as Beltrami flow) to solve a joint positional feature
space problem. These approaches contribute to non-trivial improvements in graph machine
learning. In this work, we extend the diffusion to the reaction-diffusion equation.

2.2.3 Neural Ordinary Differential Equations (NODEs)

Neural ordinary differential equations (NODEs) [62] solve the initial value problem (IVP),
which involves a Riemann integral problem, to calculate h(t;11) from h(t;):

tit1
h(t:1) = h(t;) + / F(h(t), 0, )dt, (2.4)
t;
where the neural network parameterized by 6y approximates the time-derivative of h, i.e.,
h 4 dlzlit). We rely on various ODE solvers to solve the integral problem, from the explicit
Euler method to the 4th order Runge-Kutta (RK4) method and the Dormand-Prince

(DOPRI) method [63]. For instance, the Euler method is as follows:

h(t +h)=h(t)+7- f(h()), (2.5)

where 7, which is usually smaller than 1, is a pre-configured step size. Equation (2.5)) is
identical to a residual connection when h = 1 and therefore, NODEs are a continuous
generalization of residual networks.

2.3 Proposed Method

After describing an overview of our method, we describe its detailed designs, followed by
its training algorithm. The theoretical and empirical complexity analyses are in Section [2.4

and Section respectively.



2.3.1 Overview of GREAD

Given a graph G with its node feature matrix X, its symmetric normalized Laplacian matrix
L, and its symmetric normalized adjacency A, the overall architecture of GREAD can be
written as follows — instead of A, we can also use a generated soft adjacency matrix A,
which will be described in the next subsection:

H(0) = e(X) (Encoding layer), (2.6)

H(T) = H(0) + / " ()i (Reac.-diff. layer), 2.7)
0

y =o(H(T)) (Output layer), (2.8)

where t)) = = —« t) + Br t)) 1s in the reaction-diffusion form. r is a
here f(H dH () LH(t) + fr(H(t)) is in th ion-diffusion f H) i

reaction term, and « and § are trainable parameters to (de-)emphasize each term. e is an

encoder embeds the node feature matrix X into an initial hidden state H(0). We then evolve
the initial hidden state to H(T') via the reaction-diffusion equation of f. The function o is an
output layer for a downstream task, e.g., node classification. In particular, 5 can be either a
scalar or a vector parameter, where the scalar setting means that we apply the same reaction
process to all nodes. In the vector setting, we apply different reaction processes with different
coefficients to nodes.

The encoder e has a couple of fully-connected layers with rectified linear unit (ReLU)
activations. The output layer o is typically a fully-connected layer, followed by a softmax
activation for classification in our experiments.

In particular, we consider almost all existing reaction terms for r, which is different from
existing works that do not thoroughly consider them. In this perspective, our work is the
most comprehensive study on reaction-diffusion GNNs to our knowledge. In the following
subsection, we also show that some choices of the reaction term correspond to other famous
models — in other words, some other famous models are special cases of GREAD.

2.3.2 Soft Adjacency Matrix Generation

Given a graph G, one can use its original symmetric normalized adjacency matrix A €

[0, 1]VI*IVI for £(H(t)). However, we also provide the method to generate a soft adjacency

matrix, denoted A € [0, 1]“"”"| — we use L to denote the Laplacian counterpart of A. Our

soft adjacency matrix plays a crucial role in learning diffusivity. Our reaction-diffusion layer

uses the soft adjacency matrix to learn the diffusivity.

To generate such soft adjacency matrices, we use the scaled dot product method [64]:

(WxH;)"WoH; )

dg ’

A[i,j] = softmax( (2.9)

where A[i,j] means the (i, j)-th element of A, W and W, are trainable parameters, and
dk is the scale factor. H;, H; are trainable embedding vectors of nodes 4, j.

10



2.3.3 Reaction-diffusion Layer

Equation is our method’s main processing layer, called the reaction-diffusion layer.
Given the definition of f, ‘—LH(t)’ is a diffusion term that corresponds to the heat equation
describing the spread of heat over G and has been used widely by various GNNs [59, [5] [34].
It is known that the diffusion term causes the problem of over-smoothing, which means that
the last hidden states of nodes become too similar when only the diffusion processing is
applied too much. To this end, many models prefer shallow architectures that do not cause
the over-smoothing problem |25 22] or use heuristic methods to prevent it [51} |65} 26, (661,
67, 68, 169].

In our case, we prevent the over-smoothing problem by adding the reaction term r and
solving Equation with ODE solvers [63]. In other words, our reaction-diffusion layer is
continuous, which is yet another distinguishing point of our method since many other models
are based on discrete layers (22} |37} 27} 28| |41]. We consider the following options for r:

H(t) © (1 — H(t)), if Fisher (F)
H(t) ® (1 — H(t)°?), if Allen-Cahn (AC)
H(t) © (H(t) — H(t)°?), if Zeldovich (Z)
r(H(t)) := (A Ag) (t), if Blurring-Sharpening (BS) (2.10)

H(O) if Source Term (ST)
H(t), if Filter Bank (FB)
H(¢) + H(t), if Filter Bank* (FB*)

where ‘©’ means the Hadamard product, and ‘02’ means the Hadamard power.

The first three reaction terms — F, AC, and Z — are widely used in various domains. For
instance, F is used to describe the spreading of biological populations [70], and AC is used
for describing the phase separation process in multi-component alloy systems, which includes
order-disorder transitions [71]. Z is a generalized equation that describes the phenomena that
occur in combustion theory [72]. The last BS is specially designed by us for GNNs, which
we will describe shortly. ST is a case where the initial hidden state is added as a reaction
term [39]. ST is not theoretically a reaction process, but we consider it part of our model
since their goals are the same, i.e., alleviating the notorious over-smoothing problem. FB
means high-pass filters that correspond to reaction processes. By adding a high-pass filter,
our reaction-diffusion layer acts like a filter bank holding the low and high-pass filters. FB*
is a reaction term that also considers the identity channel H(t).

Blurring-Sharpening (BS) Given the reaction-diffusion layer in Equation , the
proposed blurring-sharpening (BS) process, whose time-derivative of H(t) will be defined
in Equation (2.14)), is to perform the blurring (diffusion) and the sharpening (reaction)
operations alternately in the layer. We show that our proposed blurring-sharpening process
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reduces to a certain form of the reaction-diffusion process. Many GNNs can be generalized to
the following blurring (or diffusion) process, i.e., the low-pass graph convolutional filtering
for blurring. We also use the same blurring operation at first:
B(t + h) = H(t) — LH(¢),
= H(t) + (A - DH(), (2.11)
= AH(t).

We then propose to apply the following high-pass graph convolutional filtering or sharpening
process to B(¢+h). In other words, there is a sharpening process following the above blurring
process in a layer as follows:

H(t +h) = B(t + h) + L(B(t + h)),
= AH(t) + L(AH(1)),
= AH(t) + ( A)AH(t),
= 2AH(t) — AZH(t),
= (21— A)AH(t),

(2.12)
= (I +L)IT-L)H(¢),
H(t) - L*H(1),
H(t) — (I- A)°H(t),
H(t) - ( —A)H(t) + (A - AYH(1),
H(t) - LH(t) + (A — A*)H(1).
Therefore, we can derive the following difference equation:
H(t+h) —H(t) = —LH(t) + (A — A2)H(¢). (2.13)
After taking the limit of A — 0 and adding the coefficients «;, 3,
f(H(t)) == dgf ) _ —aLH(t) + S(A — A%)H(t), (2.14)

which is a reaction-diffusion equation where r(H(t)) := (A — A2)H(t). Therefore, our
proposed method, BS, uses the reaction-diffusion layer in Equation (2.7]) with the specific
time-derivative definition of Equation ([2.14]).

2.3.4 Training Algorithm

We use Algorithm [2:I] to train our proposed model. The full training process minimizes the
cross-entropy loss:

£:=Y yllogyi, (2.15)

i
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Algorithm 2.1 How to train our proposed GREAD
Input: Training data Dyyqp, Validating data D,,;, Maximum iteration number max_iter
Initialize model parameters 6;
k + 0;
while k < maz_iter do
Construct a mini-batch B from Dy,qin
Train 0 with Equation and B;
Validate and update the best parameters 0* with D,
k< k+1;
end
return 0%,

where y; is the one-hot ground truth vector of i-th training sample, and y; is its inference
outcome by our model.

2.3.5 Comparison with GNNs

When ST is used, GREAD is analogous to GCNII from the perspective that both methods
inject the initial hidden state. GREAD, FA-GCN, and GPR-GNN differ in how to utilize low
and high-pass filters. FA-GCN learns edge-level aggregation weights as in GAT but allows
negative weights. GPR-GNN uses learnable weights that can be both positive and negative
for feature propagation. These enable FA-GCN and GPR-GNN to adapt to heterophilic
graphs and handle both high- and low-frequency parts of graph signals. However, GREAD-
BS sharpens low-pass filtered signals following our developed reaction-diffusion system.
GREAD-BS also adaptively adjusts each term.

We also compare with some continuous-time GNN models. CGNN can be derived from
the reaction-diffusion layer in Equation with L by setting f with r(H(¢)) := H(0) and
using a weight parameter W:

f(H(t))cann := —LH(t) + H(t)W + H(0). (2.16)
The linear GRAND model corresponds to using only our diffusion process:

£(FL()) aranp = —LH(t) = —(I— A)H(?). (2.17)
We note that two continuous models can not capture high-frequency parts. In particular,
GRAND does not use any reaction term.
2.4 Computational Complexity

The space complexity of GREAD is dominated by evaluating the soft adjacency matrix in
Equation (2.9), which is O(|€|dim(H)), where |€| is the number of edges and dim(H) is the
size of the hidden dimension.
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Table. 2-2: Benchmark dataset properties and statistics

Dataset Texas Wisconsin Cornell Film Squirrel Chameleon Cora Citeseer PubMed

Classes 5 5 5 5 5 5 6 7 3
Features 1,703 1,703 1,703 932 2,089 235 1,433 3,703 500
Nodes 183 251 183 7,600 5,201 2,277 2,708 3,327 19,717
Edges 279 466 277 26,752 198,353 31,371 5,278 4,552 44,324
Hom. ratio 0.11 0.21 0.30 0.22 0.22 0.23 0.81 0.74 0.80

We also analyze the time complexity of the reaction-diffusion layer in Equation . Our
proposed model has different complexities depending on the reaction term r in Equation .

If we set the adjacency matrix and 8 to OA and SC respectively, the time complexity of the
one-step GREAD-BS computation becomes O(n(|€]+|E2|)dim(H) + |€|dmax ), where n., [V],
and dyax are the number of steps in [0, 7], the number of nodes, and the maximum degree
of all nodes, respectively. Given that A is sparse, we can calculate A? in O(|€|dmax) because
dmax 1s equal to the maximum number of non-zeroes in any row of A. The sparse matrix
multiplication of A?H(t) takes O(|€:|dmax), Where [€3] = 237 |, |N2|(v). The computational
complexity of the one-step GREAD-F computation is O(n,(|€| + dim(H)*))dim(H)), where
k = 1. In the case of GREAD-AC and GREAD-Z, their k values are 2 and 3, respectively.
The computational complexities of the one-step GREAD-ST, GREAD-FB, and GREAD-FB*
are O(n,|E|dim(H) + |€|dmax)-

2.5 Experiments

First, we compare our method with other baselines for node classification tasks. We then
discuss the ability to mitigate over-smoothing on a synthetic graph and show the experiment
with different heterophily levels on other synthetic graphs. Our code is available at https!
//github.com/jeongwhanchoi/GREAD.

2.5.1 Node Classification on Real-world Datasets

Real-world Datasets We now evaluate the performance of GREAD and existing GNNs
on a variety of real-world datasets. We consider 6 heterophilic datasets with low homophily
ratios used in [46]: i, ii) Chameleon, Squirrel 73|, iii) Film [2], iv, v, vi) Texas, Wisconsin,
and Cornell from WebKB. We also test on 3 homophilic graphs with high homophily ratios:
i) Cora [74], ii) CiteSeer [75], iii) PubMed [76]. Table summarizes the number/size of
nodes, edges, classes, features, and the homophily ratio. We use the dataset splits provided
in [46]. We report the mean and standard deviation accuracy after running each experiment
with 10 fixed train/val/test splits.
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Baselines We use a comprehensive set of baselines classified into the following four groups:

1. In the first group of baselines, we consider classical GNN methods: ChebNet [24],
GCN [22], GAT 23], GraphSAGE [41], and SGC [25].

2. The next group includes the GNN methods designed for heterophilic settings: Mix-
Hop [47], Geom-GCN [46], H2GCN [28|, FA-GCN [37], GPR-GNN [27], WRGAT [77],
GGCN |29], LINKX [30], GloGNN [31] and ACM-GCN |[32].

3. The third group has GNN methods tackling the over-smoothing problem: PairNorm [51],
JKNet [50], GCNII [26], and GCON [33].

4. The last group contains continuous-time GNN methods: GDE [78], CGNN ([39],
GRAND [34], BLEND [35], ACMP [79], Sheaf [36], and GRAFF [49)].

Experimental Settings The following software and hardware environments were used
for all experiments: UBUNTU 18.04 LTS, PyTHON 3.9.12, PYTORCH 1.11.0, PYTORCH
GEOMETRIC 2.0.4, TORCHDIFFEQ 0.2.3, NUMPY 1.22.4, Scipy 1.8.1, MATPLOTLIB 2.2.3,
CUDA 11.3, and NVIDIA Driver 465.19, and i9 CPU, and NVIDIA RTX 3090. We
performed 10 repetitions on the train/valid/test splits taken from [46] and strictly followed
their evaluation protocol. For all data sets, we used the largest connectivity component
(LCC) except for Citeseer. We use the dropout only in the encoder network and the output
layer. We refer to the dropout in the encoder as ‘input dropout’ and the dropout in the
output layer as ‘dropout’.

For our method, we test with the following hyperparameter configurations: we train for
200 epochs using the Adam optimizer. We fine-tune our model within the hyperparameter
search space in Table of Section Our hyperparameter search used the method
of W&B Sweeps [80] with a standard random search with 500 counts. We introduce the
best hyperparameter configuration in Tables 2-9] to [2-15] of Section 2.7.2] If a baseline’s
accuracy is known and its experimental environments are identical to ours, we use the
officially announced accuracy. If not, we execute a baseline using its official codes and the
hyperparameter search procedures based on their suggested hyperparameter ranges.

Experimental Results GREAD-BS is ranked at the top with an average ranking of 1.56.
GREAD-BS shows a significantly higher ranking than GloGNN and others. In Figure
we visualize the hidden node features at each ODE time step of Equation , and the
reaction-diffusion processes of GREAD lead to local clusters after several steps.

Table presents the detailed classification performance. As reported, our method marks
the best accuracy in all cases except for Squirrel and Citeseer. GloGNN and Sheaf show
comparable accuracy values from time to time. However, there are no existing methods
that are as stable as GREAD-BS. For example, GCNII shows reasonably high accuracy in
homophilic datasets, but not heterophilic ones. Sheaf shows the best or the second-best place
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(b) t=1 (c) t=35

Figure. 2-2: The snapshots of the evolution process of the node feature at various ODE time
points in GREAD for Cora. Different colors correspond to different ground truth classes.

in merely two cases. While GREAD-BS is the best method overall, GREAD-F is the best
method for Texas and is the second-best for Cornell. GREAD-AC marks the best accuracy
on Cornell.

Ablation Studies We conduct ablation studies on the soft adjacency matrix generation.
GREAD can use both the original symmetric normalized adjacency matrix, denoted as OA,
and the soft adjacency matrix, denoted as SA. We compare both options. As reported in
Table SA increases the model accuracy in Cornell and Film.

Next, we also perform the ablation study on 5. 8 can be either a scalar parameter (denoted
as SC) or a learnable vector parameter (denoted as VC). We compare them in Table VC
shows effectiveness for most cases. The VC setting creates a reaction-diffusion process rich
enough to classify nodes, as shown in Figure

Sensitivity w.r.t. the Terminal Integration Time T' By varying T in Equation ,
we investigate how the model accuracy changes. The detailed results are in Figure 2-3] In
Chameleon, GREAD-BS achieves the highest mean test accuracy at T'= 1.9.

Sensitivity w.r.t. the ODE Step Size 7 Figure [2-4 shows the mean test accuracy by
varying the step size 7 of RK4. In Chameleon, GREAD-BS shows stable test accuracy at all
step sizes, whereas in Cora, GREAD-BS tends to show higher accuracy with larger step sizes.

2.5.2 Over-smoothing and Dirichlet Energy

The Dirichlet Energy We can analyze the degree of over-smoothing from the
perspective of the Dirichlet energy . The Dirichlet energy F(H, A"™") on the node
hidden feature H of an undirected graph G is defined as follows:

raw 1 raw
E(H,A™") = N Z Z [i,4] |[H; — Hj||27 (2.18)
i€V jEN;
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Figure. 2-3: Sensitivity to T’

where H;, H; mean 4-th and j-th rows, respectively.

The over-smoothing phenomenon occurs when the depth increases, causing node features
to converge to constants. Thus, F(H, A) decays to zero asymptotically in time. We will
show, via the evolution of the Dirichlet energy, that our proposed method mitigates the
over-smoothing problem.

Experimental Settings We use the synthetic dataset, called cSBMs , to demonstrate
the mitigation of over-smoothing. This synthetic data is an undirected graph representing 100
nodes in a two-dimensional space with two classes randomly connected with a probability of
p = 0.9. In the case of GREAD, we run without any hyperparameter search but list the full
hyperparameter list we used in Table 2-7] of Section [2.7.1] We report the layer-wise Dirichlet
energy given a GNN of 40 layers.
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Figure. 2-4: Sensitivity to step size

Experimental Results Figure 2-5 demonstrates that traditional GNNs, such as GCN and
GAT, suffer from over-smoothing because the Dirichlet energy decays exponentially to zero
in the first five layers. Converging to zero indicates that the node features become constant,
while GREAD has no such behavior. The Dirichlet energy of GREAD can be bounded in
time thanks to the reaction term. GRAND only has a diffusion term with learned diffusivity,
so that it can delay over-smoothing. In the case of H2GCN, it is impossible to report on
deeper layers due to memory limitations.

Ablation Studies on 8 We perform the ablation study on § from the perspective of the
Dirichlet energy. 5 can be either a scalar parameter (SC) or a learnable vector parameter
(VC). In Figure we show the evolution of the Dirichlet energy on the synthetic random
graph created from ¢cSBM , and compare SC and VC for our proposed method. In the
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Figure. 2-5: Evolution of the Dirichlet energy on the synthetic random graph. The Y-axis is
the logarithmic Dirichlet energy in each layer’s output, given a GNN of 40 layers.

case of GREAD-F, GREAD-AC, GREAD-ST, and GREAD-FB, VC conserves more energy
than SC, so the reaction term multiplied by  successfully mitigates the over-smoothing
problem.

2.5.3 Different Homophily Levels

Experimental Settings To test the classification capability of GNNs, we use the synthetic
Cora generator . We run the experiment with 3 fixed train/valid/test splits and report
the mean and the standard deviation of accuracy accordingly. In Table [2-8| of Section [2.7.1]
we list the hyperparameter range we consider.

Experimental Results Figure shows the mean test accuracy on all random splits
of the synthetic Cora datasets. MLP, which does not consider the connectivity of nodes,
maintains its test accuracy for all homophily rates, which is obvious. GCN, GAT, and
GRAND, which consider only diffusion, perform poorly at low homophily settings. H2GCN
shows reasonable performance on low homophily rates, but its accuracy suddenly decreases
at some homophily settings. All GREAD models have the best trend overall without sudden
drops. The reaction terms of GREAD contribute to their stable accuracy for both homophily
and heterophily settings compared with other models that rely on only diffusion processes,
such as GCN and GRAND.

2.5.4 Training Time

We present the training time of GREAD and some selected baselines in Figure [2-8 In general,
our method’s training time is slightly larger than that of the existing baselines because
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GREAD includes an additional operation in its reaction term.

2.6 Summary

In this chapter, we presented the concept of a graph neural reaction-diffusion equation, called
GREAD. Our proposed GREAD is one of the most generalized architectures considering
diffusion and reaction processes. We design a reaction-diffusion layer that has three types
of reaction equations widely used in natural sciences. We also added four reaction terms,
including one special reaction term called Blurring-Sharpening (BS), which we designed for
GNNs. Therefore, our reaction-diffusion layer has seven types. We consider a comprehensive
set of 9 real-world datasets with various homophily difficulties and 28 baselines. GREAD
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Figure. 2-8: Average running time per epoch (ms) on Cora dataset when T' = 3, 7 = 1.0, SC,
and OA.

marks the best accuracy in almost all cases. In our experiments with the two kinds of synthetic
datasets, GREAD shows that it alleviates the over-smoothing problem and performs well on
various homophily rates. This demonstrates that our proposed model is a novel framework
for constructing GNNs based on the concept of the reaction-diffusion equation.
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2.7 Appendix

2.7.1 Search Space of Hyperparameter

In this section, we report the range of hyperparameters considered in our experiments.
Table shows the range of hyperparameters searched for the real-world benchmark datasets.
Table shows the hyperparameters for an experiment to measure Dirichlet energy using
¢SBM synthetic networks, where we use fixed hyperparameters for fair comparison. In
Table 2-7} continuous GNNs are considered with step size 7 and time 7', while discrete GNNs
are considered with time T', where T corresponds to the number of GNN layers. Table
shows the hyperparameter search ranges used to compare performance in various homophily
rates. Again, for discrete GNNs, the step size 7 is irrelevant, and time T is the number of
layers.

Table. 2-6: Hyperparameter search space for real-world datasets

Hyperparameters Search Space
epochs 200
adjacency matrix {OA, SA}

a {SC, VC}

B {SC, VC}
learning rate [1x 1073, 6 x 1072
weight decay [0, 3 x 1072

dropout [0, 0.6]
input dropout [0, 0.6]
dim(H) (32, 64, 128, 256}
step size T [0.1, 1.5]
time T [0.1, 6.0]

ODE solver {Euler, RK4, DOPRI5}

2.7.2 Best Hyperparameters in Section 2.5.1

In this section, we report the best hyperparameters according to the reaction terms of our
GREAD methods experimented with in Section We provide the best hyperparameters
for GREAD-BS in Table [2-9] the best hyperparameters for GREAD-F in Table 2-10] the
best hyperparameters for GREAD-AC in Table and the best settings for GREAD-Z in
Table Finally, GREAD-ST reports the best settings in Table and GREAD-FB
and FB* are provided in Tables and
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Table. 2-7: Hyperparameter for the cSBM synthetic network

Hyperparameters Value

epochs 100
adjacency matrix OA
« SC
Ié] VC
learning rate 0.001
weight decay 5x 1074
dropout 0.0
input dropout 0.5
dim(H) 2
step size 7T 1.0
time T' 40
ODE solver Euler

Table. 2-8: Hyperparameter search space for the synthetic Cora network

Hyperparameters Search Space
epochs 100
adjacency matrix {OA, SA}
@ {SC, VC}
B {SC, VC}
learning rate {0.001, 0.002, 0.0025, 0.005, 0.01}
weight decay {0.01, 0.001, 0.0005, 0.0001}
dropout 0.35
input dropout 0.5
dim(H) 64
step size T {0.1, 0.5, 1.0}
time T {1, 2, 3, 4}
ODE solver Euler

Table. 2-9: Best hyperparameters of GREAD-BS

Hyperparameters Texas Wisconsin Cornell Film Squirrel Chameleon Cora Citeseer PubMed

adjacency matrix OA SA SA SA OA SA SA SA SA
! SC SC vC  SC VC VC VC SC VC
Jé; vC VC vC VC VC VC SC SC SC

learning rate  0.0100 0.0154 0.0082 0.0079 0.0171  0.0068 0.0105 0.0024 0.0108
weight decay 0.0247 0.0090 0.0280 0.0014 0.0000  0.0000 0.0060 0.0146 0.0005
input dropout  0.47 0.54 0.49 042 0.52 0.68 0.53  0.50 0.36

dropout 0.48 0.48 0.32 0.65 0.09 0.05 0.45  0.47 0.26
dim(H) 128 256 128 64 256 256 64 128 64
step size T 1.0 0.25 0.2 0.1 0.75 1.5 0.25 0.5 0.8
time T' 1.46 0.75 0.12 031 5.70 1.71 3.49 235 1.74

ODE solver Euler RK4 RK4 RK4 Euler Euler RK4 RK4 RK4
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Table. 2-10: Best hyperparameters of GREAD-F

Hyperparameters Texas Wisconsin Cornell Film Squirrel Chameleon Cora Citeseer PubMed

adjacency matrix SA SA SA SA SA
a VvC SC VvC SC VvC
154 VvC VC vC VC VC

learning rate 0.0113 0.0094 0.0092 0.0068 0.0054
weight decay 0.0079 0.0057 0.0263 0.0006 0.0011

input dropout  0.46 0.41 0.46 0.48 048
dropout 0.38 0.05 0.31 048 0.36
dim(H) 256 64 256 128 128

step size T 1.0 0.1 1.0 0.75 1.0
time T’ 1.26 0.12 1.0 1.14 2.23
ODE solver Euler RK4 Euler RK4 Euler

SA SA SA SA
SC SC SC vC
VC SC VC VC

0.0101  0.0048 0.0013 0.0120
0.0015 0.0370 0.0041 0.0003
0.50 0.50  0.50 0.36
0.24 0.35 0.51 0.25
256 32 256 128
1.0 0.2 0.9 1
1.0 227  1.86 1.44
RK4 Euler RK4 RK4

Table. 2-11: Best hyperparameters of GREAD-AC

Hyperparameters Texas Wisconsin Cornell Film Squirrel Chameleon Cora Citeseer PubMed

adjacency matrix SA SA SA SA SA

a vC vC SC SC SC

154 VC vC vC SC VC
learning rate  0.0070 0.0083 0.0084 0.0027 0.0025
weight decay 0.0136 0.0081 0.0311 0.0001 0.0020

input dropout  0.40 0.45 0.49 046 0.52
dropout 0.30 0.20 0.29 048 0.28
dim(H) 256 128 128 128 128

step size T 1.0 0.5 0.75 1.0 1.0
time T' 1.36 0.20 0.18 1.06 1.98
ODE solver Euler RK4 RK4 FEuler Euler

SA SA SA SA
SC SC SC vC
VC vC vC vC

0.0038 0.0039 0.0029 0.0124
0.0007  0.0469 0.0140 0.0006
0.52 0.40  0.47 0.30
0.35 0.40 0.49 0.26
256 128 64 128
1.0 0.1 0.9 1.0
2.0 3.52 2.78 1.65
RK4 Euler RK4 RK4

Table. 2-12: Best hyperparameters of GREAD-Z

Hyperparameters Texas Wisconsin Cornell Film Squirrel Chameleon Cora Citeseer PubMed

adjacency matrix OA SA SA SA SA

a vC SC SC SC vC

B SC vC SC VC vC
learning rate  0.0088 0.0046 0.0048 0.0023 0.0099
weight decay 0.0462 0.0086 0.0435 0.0011 0.0007

input dropout  0.48 0.45 0.4272 0.48  0.53
dropout 0.46 0.18 0.29 048 0.44
dim(H) 256 128 256 64 128
step size T 1.2 0.4 0.2 0.2 1.0
time T 1.2 0.11 0.13 075 271
ODE solver RK4 RK4 RK4 RK4 RK4

SA SA SA SA
VC vC vC vC
VC SC vC vC

0.0111  0.0045 0.0027 0.0091
0.0012  0.0050 0.0145 0.0004
0.45 0.4 0.50 0.37
0.31 0.2 0.49 0.22
256 64 64 64
1.0 0.1 0.8 0.8
1.0 3.55 201 1.12
RK4 RK4 RK4 RK4

27



Table. 2-13: Best hyperparameters of GREAD-ST

Hyperparameters Texas Wisconsin Cornell Film Squirrel Chameleon Cora Citeseer PubMed

adjacency matrix OA SA SA SA SA SA SA SA SA
a SC SC SC SC VvC vC SC SC SC
154 SC VC VC SC VC vC VC SC SC

learning rate  0.0200 0.0180 0.0050 0.0081 0.0538  0.0077 0.0074 0.0038 0.0108
weight decay 0.0295 0.0082 0.0275 0.0013 0.0000  0.0000 0.0086 0.0042 0.0004
input dropout  0.46 0.54 0.47 042 0.61 0.65 0.37  0.49 0.36

dropout 0.50 0.50 0.25 0.56 0.95 0.09 0.41 0.54 0.22
dim(H) 126 256 256 64 256 256 128 64 64
step size T 0.5 0.5 0.25 0.7 1.0 1.0 0.1 0.6 0.9
time T' 1.02 0.1 0.20 0.15 3.54 1.0 3.04 237 1.28

ODE solver Euler RK4 RK4 RK4 Euler Euler RK4 RK4 RK4

Table. 2-14: Best hyperparameters of GREAD-FB

Hyperparameters Texas Wisconsin Cornell Film Squirrel Chameleon Cora Citeseer PubMed

adjacency matrix OA SA SA SA SA SA SA OA SA
o VvC SC SC SC VvC vC SC VvC VvC
154 SC VvC vC VC VC vC VvC SC VC

learning rate  0.0016 0.0185 0.0050 0.0133 0.0090  0.0010 0.0064 0.0012 0.0102
weight decay 0.0055 0.0113 0.0283 0.0014 0.0000  0.0000 0.0091 0.0042 0.0004
input dropout  0.52 0.50 0.36 0.51 0.62 0.64 0.47  0.45 0.35

dropout 0.48 0.53 0.23 0.60 0.06 0.05 0.50 0.54 0.21
dim(H) 64 64 256 64 128 128 256 128 64
step size T 1.5 0.7 1.0 0.6 0.25 0.25 0.5 0.6 0.2
time T' 14 1.0 0.1 1.3 2.4 1.8 3.1 1.5 1.0

ODE solver Euler RK4 RK4 RK4 Euler Euler RK4 RK4 Euler

Table. 2-15: Best hyperparameters of GREAD-FB*

Hyperparameters Texas Wisconsin Cornell Film Squirrel Chameleon Cora Citeseer PubMed

adjacency matrix OA SA SA SA SA SA SA SA SA
@ SC SC SC SC vC VC vC vC SC
Jé; VC vC sC VC vC VC vC SC vC

learning rate  0.0194 0.0195 0.0072 0.0144 0.0055 0.0095 0.0097 0.0020 0.0166
weight decay 0.0113 0.0142 0.0169 0.0010 0.0000  0.0000 0.0090 0.0048 0.0005
input dropout  0.45 0.51 036 0.52 0.63 0.65 0.50  0.57 0.35

dropout 0.52 0.48 0.19 059 0.05 0.14 0.39 0.39 0.22
dim(H) 64 64 128 64 128 128 64 64 128
step size T 1.5 1.0 0.1 0.8 0.1 0.2 0.1 0.9 1.0
time T' 1.4 1.0 0.2 1.9 2.0 1.5 3.3 1.7 1.4

ODE solver Euler Euler Euler RK4 Euler Euler Euler RK4 RK4
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Chapter 3

Over-smoothing 11

Transformers, renowned for their self-attention mechanism, have achieved state-of-the-art
performance across various tasks in natural language processing, computer vision, time-
series modeling, etc. However, one of the challenges with deep Transformer models is the
oversmoothing problem, where representations across layers converge to indistinguishable
values, leading to significant performance degradation. We interpret the original self-attention
as a simple graph filter and redesign it from a graph signal processing (GSP) perspective. We
propose a graph-filter-based self-attention (GFSA)E to learn a general yet effective one, whose
complexity, however, is slightly larger than that of the original self-attention mechanism.
We demonstrate that GFSA improves the performance of Transformers in various fields,
including computer vision, natural language processing, graph-level tasks, speech recognition,
and code classification.
The materials in this chapter have been published in Choi et al. [85].

3.1 Motivation

Transformers are arguably one of the most significant achievements in the field of deep
learning. They are now showing state-of-the-art performance in various fields, ranging from
computer vision to natural language processing, prediction tasks on graphs, speech recognition,
and so forth [64, 86}, [87} 188,189, (90% 191, 192, 93} (941 95, 196, (97, 198 199, |100]. Recently, there have
been several studies conducted on better understanding them [101} (102, [103]; there exists a
common agreement among researchers that the self-attention is one of the keys leading to
the success.

However, there also exist several studies pointing out potential limitations of the self-
attention [91} (104} 101} [1]. For instance, Shi et al. |105] revealed an analogy between the
self-attention and the residual GCN, showing that BERT also suffers from a notorious

IThe source code of GFSA is available at: https://github.com/jeongwhanchoi/GFSA.
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Figure. 3-1: Performance improvements (%) of our GFSA when integrated with different
Transformer backbones in various domains. We achieve these results with only tens to
hundreds of additional parameters to Transformers.

problem of GCNs, called over-smoothing, i.e., tokens’ latent representations become similar
to each other at the deeper layers. In every self-attention layer, value vectors are aggregated
in a weighted average manner since each row-wise sum of the attention matrix is always 1.
Although each self-attention layer has its own attention matrix, this aggregation method
causes the over-smoothing problem, not only in Transformers but also in graph neural
networks (8}, |9} {106 [82, [107] (91}, 1101}, 108}, 1109} |105} {103} (102, 110, [111]. However, we confine
our discussion to the oversmoothing of Transformers (see Section .

Inspired by them, we redesign the self-attention from the perspective of graph signal
processing (GSP) — in particular, we resort to GSP on directed graphs since the attention
matrix is asymmetric. However, performing graph convolutions in the self-attention layer
may incur non-trivial computational overheads. Therefore, our key design point is to learn a
general but effective graph filter with minimal overhead. In general, a graph filter on a graph
G is represented by a polynomial expression based on its adjacency or Laplacian matrix
— in this regard, the existing self-attention mechanism can be understood as the simplest
graph filter with A only, where A € [0,1]"*™ means a learned attention matrix and n is the
number of input tokens.

Our proposed graph filter consists of an identity term and two matrix polynomial terms,
A and AX. One can design better filters with more polynomial terms, but we avoid it
since Transformers already require very large computation. The K-th power, AX, may also
require a high computation when the number of tokens is large. To avoid this, we further

30



— DeiT

-
o

—DeiT

| v 0.9
o —DeiT + GFSA % — DeiT + GFSA
Sos > 0.8 >
z = ©
4 2 30.6
£06 0.6 2
° %) n
S04 2 2
T G N
g " § 0.4 E 0.3
2" , *DeiT £
00 0. DeiT + GFSA| =g o] A
-100 -50 0 50 100 1 6 12 18 24 0 50 100 150
Frequency Layer Index Singular Value Index
(a) Filter response (b) Cosine similarity (c) Singular value

Figure. 3-2: Filter frequency response, cosine similarity, and singular values on ImageNet-
1k for DeiT-S and DeiT-S 4+ GFSA. Details and more visualizations are in Sections [3.8.1]

and

approximate AX using the element-wise first-order Taylor approximation. Therefore, one
can consider that our proposed graph filter is the next complicated filter after the one used
by the original self-attention mechanism. However, its efficacy is tremendous in various fields
(cf. Figure [3-1)).

Our proposed filter enriches the self-attention with more diverse frequency information
(see Figure a)) — low (resp. high) frequency signals on G mean neighboring nodes have
similar (resp. different) values. Therefore, our method cannot only effectively address the
over-smoothing problem but also learn better latent representations for downstream tasks.

There exist a couple of prior works to enrich the self-attention mechanism with high-
frequency information . In comparison with them, our proposed graph filter is
distinctive in the following aspects: i) our proposed filter is more effective and shows better
performance with comparable computational overheads, ii) our proposed filter is well-aligned
with recent advancements in the GCN community — in other words, some graph filters used
by recent advanced GCN methods are special cases of our proposed graph filter, which is not
the case for prior works, and iii) other methods were typically studied for certain domains
only whereas we test our method in 6 domains — for instance, DiversePatch works
only for Vision Transformers (ViTs).

We replace the self-attention layer of selected Transformers in various fields with our
proposed graph filter-based layer without changing other parts. Therefore, the accuracy
increases in them are solely by our proposed graph filter-based self-attention. These enriched
Transformers increase the model performance by 1.63% for image classification, 6.25% for
natural language understanding, 0.31% for causal language modeling, 4.03% for graph
regression, 4.76% for speech recognition, and 2.40% for code classification (see Figure .
Our core contributions are as follows:

e We provide a novel perspective on self-attention as a graph filter. This perspective
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allows us to design more effective self-attention that can address the over-smoothing
problem.

e We propose a graph filter-based self-attention (GFSA) mechanism, integrating an
identity term and two polynomial terms for a more general yet effective self-attention
mechanism than the simple self-attention mechanism (Section [3.3)).

e We demonstrate that GFSA improves the performance of Transformers on a variety
of tasks. GFSA achieves improved results on natural language processing, computer
vision, speech recognition, graph-level tasks, and code classification (Sections

to B50).

e We devise a strategy to selectively apply GFSA to even-numbered layers, effectively
mitigating the computational overhead while preserving GFSA’s performance (Sec-

tion [3.6)).

3.2 Background & Related Work

3.2.1 Self-Attention in Transformers

The core building block of the Transformer architecture is the self-attention mechanism, which
enables the model to learn attention patterns over its input tokens [64]. The self-attention
mechanism, denoted as SA : R**? — R®*¢  can be expressed as follows:

Xquy (XWkey)T
Vd

where X € R™*4 is the input feature matrix, Wiey € Réxd Wy € R4%4 and W, € Réxd
are the key, query, and value trainable parameters, respectively, and d is the dimension of

SA(X) = softmax( )Xanl = AX W, (3.1)

each token. The self-attention mechanism allows the model to weigh the importance of each
token in the input sequence relative to the others, enabling the model to capture long-range
contextual information better. The Transformer architecture includes multiple layers, each
with a multi-head self-attention layer followed by a position-wise feed-forward layer.

3.2.2 Self-Attention and Graph Convolutional Filter

The self-attention matrix used in Transformers has the form of symmetrically normal-
ized adjacency matrix where each token become a node [105, [I] — the symmetrically
normalized adjacency matrix is a special case of asymmetric (or directed) adjacency ma-
trix where each row is normalized and is frequently used for the graph signal processing
(GSP) on directed graphs [113]. A weighted graph G with adjacency matrix A can be
constructed by using the input tokens as n nodes and the edge weights between node ¢
and node j as exp((X Wy )T (X Wiey);). We can rewrite the self-attention matrix A;; as
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exp ((Xquy):(XWkey)j)
S, exp (X Wary ) T (X Wicey )k ~
ized adjacency matrix. In other words, A = D' A, where D = diag(d;,ds,...,d,) and

di = Zj Ai,j~
Our new attention method is designed on top of GSP, which has a close connection to

. This allows A to be interpreted as the symmetrically normal-

discrete signal processing (DSP) [114] [115]. In DSP, a discrete signal with a length of n can
be represented by a vector x € R™. Let g € R™ be a filter that we want to apply to . The

convolution « * g can be written as follows:
n
Yi=y @9, (3.2)
j=1

where the index, denoted as 7, refers to the i-th element in each vector.

GSP can be understood as a generalized concept of DSP. Signals are defined on the nodes
of a graph, and the graph’s structure influences signal processing operations. In addition,
the linear and shift-invariant graph convolution filter H with n nodes can be written with a
shift operator S as follows — S can be from a directed graph [116]:

K
y=Hx = Zwkskac, (3.3)
k=0
where € R™ is a 1-dimensional graph signal, K is the maximum order of polynomial, and
wy, € [—00,00] is a coefficient. S is an n x n matrix where (4, j)-th element is non-zero if
and only if there is an edge from node i to j. Two representative samples of S are the
adjacency and Laplacian matrices. The graph filter H is the same as ZkK:o wS* with a
large enough value of K, which is called matriz polynomial |116]. We note that this graph
filtering operation can be extended to d-dimensional cases as in Equation . Being inspired
by Zou et al. [117] and Maskey et al. |113], we rely on the singular value domain analysis to
understand the low/high-pass characteristics of filters on directed graphs (cf. Figure [3-2).
See more discussion in Sections 3.8.3] and B.8.4l
In the context of the self-attention within Transformers, the core part of the self-attention
in Equation , i.e., AX, can be considered as a d-dimensional graph filter with A only,
where H = A. Our goal in this paper is to design a simple (for computational purposes) yet
effective form of H.

3.2.3 Over-smoothing in GCNs and Transformers

Over-smoothing is a phenomenon observed in deep learning models, especially in GCNs [22]
23]. As information is aggregated over multiple layers for multiple nodes (tokens), latent
representations tend to become similar to each other, leading to a loss of distinctiveness in
the representations [8, (118} |82].

Surprisingly, an over-smoothing-like phenomenon is also observed in Transformers [103|
105]. Unlike CNNs, Transformers can not benefit from simply deepening layers after a certain
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depth. Earlier studies hypothesize that this may be due to issues such as attention or feature
collapse, or due to uniformity among patches or tokens [91} {101} [108]. Dong et al. [104] also
point out that the output of a pure Transformer, i.e., an attention mechanism without skip
connections or MLPs, tends to converge to a rank-1 matrix [104]. This analysis is followed
by [109], which suggests that rank collapses incur vanishing gradients of attention queries
and keys.

In this context, self-attention acts as a low-pass filter, as it calculates the weighted average
of the value vectors of tokens. Wang et al. [103] Theorem 1] also reveal that the self-attention
is a low-pass filter, continuously reducing high-frequency information. This nature contributes
to the over-smoothing phenomenon as unique high-frequency features are lost in deeper
layers of the network, further worsening the uniformity of token representations. Therefore,
we extend the term “over-smoothing” to describe the degeneration challenge observed in
Transformers.

Many empirical countermeasures have been proposed for ViT, such as patch diversifi-
cation [119} |101], rank collapse alleviation |91} |120], and training stabilization [90} 121].
Similar alleviating methods have also been proposed in the field of NLP, such as unsupervised
learning [122], and resolve the over-smoothing and the token uniformity (or information
diffusion) problems [104] [108|. There are studies on utilizing high-frequency information via
frequency domain analyses [103] [112], but they are not designed on top of graph filtering
perspectives. Dovonon et al. |[123] find that Transformers are not inherently low-pass filters,
but over-smoothing depends on the eigenspectrum of the self-attention layers. They propose
a reparameterization of the Transformer weights to ensure that over-smoothing does not
occur.

Our paper addresses the over-smoothing problem with graph filters since the self-attention
mechanism is a basic graph filtering operation, as seen in the previous subsection.

3.3 Graph Filter-based Self-Attention Layers

Let A € [0,1]™*", where n is the number of tokens in the input to the self-attention layer, be
a self-attention matrix. Since Transformers use multi-head self-attention, there are multiple
such matrices. For simplicity, but without loss of generality, we discuss only one head in one
layer.

From the GSP perspective, using A as the shift operator, a graph filter can be represented
as a matrix polynomial filter, as mentioned in Section We aim to design this matrix
polynomial filter using the two lowest-order terms and one high-order term in Equation .
The following theorem shows that, despite using the three terms, the filter can be either a
low-pass filter or a high-pass filter, depending on the coefficient values.

Theorem 3.3.1 (Filter characteristics based on coefficient values). Let A be a self-attention

matrix interpreted as a graph with connected components. Consider the polynomial graph filter
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defined by ZkK:o wi A*, where wy, ws, ..., wx_1 =0 and only wo, wi, and wg are non-zero.
If the coefficients wy, for k = 0,1, K are positive and their sum is 1, then the polynomial filter
acts as a low-pass filter, attenuating high-frequency components and promoting smoothness
across the graph. Conversely, if wy, = (—a)* for k = 0,1, K and o € (0,1) with sufficient
large K, the polynomial filter exhibits high-pass filter behavior.

The proof of Theorem [3.31]is in Section [3:8:5] Based on Theorem [3:3.1] we propose to
use the following graph filter, Hgpsa, where the two lowest-order terms and one high-order
term of the matrix polynomial are used:

Hgrsa = wol + w1 A +wi AR, (3.4)
where wq, w1, wi are coeflicients and K is a hyper-parameter where K > 2. The coeflicients

can be learnable weights, which we learn with gradient descent algorithms.

Approximation of the high-order term. In Equation (3.4), it is costly to calculate
AX when K is large, so we need a way to approximate the high-order term AX in GFSA.
We use the first-order Taylor approximation at point a = 1 for this purpose:

f(@) = f(a) + f'(a)(z - a), (3.5)
thus, we approximate f(K) = AX as follows:
fK) = A% ~ f(1) + f/(1)(K - 1). (3.6)

Computing the derivative of A directly at the evaluation point requires high computational
costs. To overcome this problem, we adopt the forward finite difference method, which
approximates derivatives with the difference term:

_ f(K+h)—-f(K) AK+h _ AK

f(K) = 7 = - : (3.7)

where the approximation error is O(h?). To balance the trade-off between computational
efﬁcieneyﬂ and accuracy, we set h = 1. This method is inspired by the approach in Brouwer
et al. [125], which uses the difference term between two consecutive hidden states in discrete
time to approximate the derivatives. Therefore, we approximate AX as:

fIK) = A% = f(1) + (A* - A)(K — 1)

— A+ (K —1)(A% - A). (38)

The approximation for AX with A and A2 provides a simpler computation that can
significantly reduce the required computational resources and time.

2Calculating the power of a matrix for small h requires a high computational cost since it is calculated
by diagonalizing the matrix or using Schur normal form [124].

35



GFSA: our graph filter-based self-attention. Our proposed graph filter-based self-
attention (GFSA) is defined with the graph filter Hgrga as follows:

CGFSA(X) := Hgrsa X Wi, (3.9)

Hersa = wol + w1 A+ wi(A+ (K —1)(A% - A)), (3.10)

where the last term is the approximated A% from Equation . We replace the original
self-attention layer in various Transformers with the proposed graph filter-based layer without
changing other parts. Therefore, GFSA can be plugged into any Transformers that rely on
self-attention. For pseudocode, see Section |3.8.7]

3.4 Properties of GFSA

This section analyzes the theoretical error of the A% approximation used by GFSA and how
GFSA can mitigate over-smoothing. We also explain the meaning of GFSA’s high-order term
in the context of Transformers and provide comparisons of GFSA in other models.

Theoretical characteristics of approximation error in GFSA. We provide a theorem
that provides an upper bound on the error introduced by approximating the power of a
matrix, specifically using the first-order Taylor expansion. The following theorem specifically
analyzes the error of matrix A when approximated using a first-order Taylor expansion.

Theorem 3.4.1 (Error bound for approximated high-order term in GFSA). Define the error
term, FEx, as the difference between the exact value and approzimated value of AKX, which is
given by Ex = ||AX — (A + (K —1)(A% — A))||r, where || - || denotes the Frobenius norm.
Then, the error bound can be shown that Ex < 2/nK.

The error bound provides an upper limit for the difference between the actual value of AX
and its approximation. The proof of Theorem [3.4.1]is in Section [3.8.6] It shows theoretical
validity for using approximations to the high-order term in the filters of our GFSA. In terms
of performance, we report a difference of approximately AX between the actual calculated
values in Section B.8.8

How to alleviate the over-smoothing problem? The key leading to the low/high
pass filtering behavior of our proposed filter is the coefficients {wg, w1, wx } — note that in
the self-attention of Transformers, wyg = wxg = 0 and w; = 1. Since our method can learn
any appropriate values for them for a downstream task, it can be reduced to low-pass-only,
high-pass-only, or combined filters. According to Theorem [3.3.1] our graph polynomial filter
can be said to be a low-pass filter when wi,wg are positive and a high-pass filter when they
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are negative. Therefore, our method can learn the appropriate coefficients {wg, w1, wg} for
downstream tasks, so it can be reduced to a low-pass-only, high-pass-only, or combined filter,
alleviating the over-smoothing problem of self-attention.

The meaning of the high-order term in GFSA in the context of Transformers.
Existing self-attention only captures simple pairwise similarities between tokens and is limited
in capturing high-order dependencies. For example, given the two sentences, “Books are
more expensive than pencils” and “Books are cheaper than computers”, to understand
the relationship between “computers” and “pencils”, we need to capture the high-order
dependencies connected through the “Book” token. However, it is difficult to capture these
high-order dependencies with traditional self-attention [126]. Therefore, from a Transformer
perspective, the approximated A% in GFSA can be interpreted as being able to capture
these high-order dependencies.

Comparison to Transformers. In the field of computer vision, there has been recent
research on adjusting the frequency response of ViT. HAT [112] creates adversarial examples
by altering clean images with high-frequency perturbations and jointly trains the ViT on
clean images and adversarial examples. Through this, they aim to solve the problem of the
ViT being unable to capture high-frequency by allowing us to capture the high-frequency
components of the images. However, HAT has the disadvantage of requiring more epochs
than the existing ViT, as it must perform adversarial training in some initial epochs and
train normally in the remaining epochs. Wang et al. [103] use the concept of DSP, a special
case of GSP, to isolate the lowest frequency component in the Fourier domain and use a
filter learned by rescaling the low and high-frequency components. On the other hand, our
GFSA extends the concept to graph signal processing and redesigns self-attention as a graph
filter. While GFSA seeks to design a better graph filter by interpreting self-attention as a
graph filter, Shi et al. |[105] are inspired by JKNet [50], and they solve the over-smoothing
problem by fusing the hidden vectors of each layer. However, their method has a limitation
with memory increasing, and they only applied it to BERT.

Comparison to GCNs. Comparisons to GCNs that can be interpreted as graph filters |22,
24}, 1127] are inevitable. GFSA without a high-order term is analogous to ChebNet [24] with
K = 1. In addition, GFSA reduces to the vanilla GCN [22] when K =1, wg = 0, w; = 1.
GPR-GNN [27], which approximates graph convolutions using the monomial basis, is identical
to GFSA if it only considers up to first order and additionally uses a K-order term and learns
the coefficients. When we use only a high-order term and wg is learned to a negative value,
GFSA can become similar to the reaction-diffusion layer of GREAD [15], AX + (A — A?),
depending on the higher order terms.
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3.5 Experiments

In this section, we demonstrate the effectiveness of GFSA through a series of experiments.
These experiments encompass various tasks: i) language understanding and causal language
modeling, ii) image classification, iii) graph-level task, and iv) code classification. We replace
the self-attention of base Transformers in those fields with our GFSA. Our modification adds
only tens to hundreds of parameters, which are negligible compared to the original size of
the base models.

3.5.1 Experiments on Natural Language Understanding

Setting. We integrate GFSA into 3 pre-trained large language models: BERT, ALBERT,
and RoBERTa. We evaluate them on the GLUE benchmark, which includes 3 categories of
natural language understanding tasks: i) single-sentence, ii) similarity and paraphrasing, and
iii) natural language inference tasks. For each task, we select the best hyperparameters for
GFSA, and the other hyperparameters are fixed. The detailed experimental settings are in

Section [3.8.01

Results. The results are shown in Table When GFSA was plugged into backbones,
average performance scores improved across all models over pure backbones. This indicates
that GFSA is effective in both large models like BERT and RoBERTa, as well as relatively
smaller models like ALBERT. It is worth mentioning that in the case of RoOBERTa finetuned
on the CoLA dataset, there is a significant margin increase from 60.34% to 64.11%, which is
a 3.77% improvement with only 144 additional parameters. When compared to ContraNorm,
GFSA shows a greater performance improvement on average. Figure [3-5|in Section [3.8.1|shows
that these performance enhancements can be attributed to addressing the over-smoothing
issue through the designed graph filter.

Table. 3-1: Results comparison on GLUE benchmark. Avg denotes the average performance.

Method #Params CoLA SST-2 MRPC QQP STS-B MNLI-m/mm QNLI RTE Avg
BERTgasE [86] 110M  56.79 93.81 88.70 88.32 88.16 84.96/84.15 91.63 66.06 82.51
+ ContraNorm 110M 59.89 93.92 89.88 88.51 88.36 85.11/84.50 91.84 69.31 83.48
+ GFSA 110M  59.56 94.15 90.60 88.46 88.33 85.12/85.06 91.95 68.95 83.58
ALBERTBase [128] 11M  57.86 92.32 91.80 85.30 90.37 85.37/84.37 91.76 76.90 84.01
+ ContraNorm 11M  57.45 93.00 92.83 87.78 90.55 85.06/84.57 92.28 78.70 84.69
+ GFSA 11M  60.21 93.23 92.47 87.79 90.63 85.29/84.92 92.17 78.70 85.05
RoBERTagase [129] 125M  60.34 94.84 92.28 88.86 89.99 87.94/87.30 92.57 78.70 85.87
+ ContraNorm 125M  63.06 95.41 93.17 88.91 90.34 87.88/87.40 92.82 80.51 86.61
+ GFSA 125M  64.11 95.41 93.52 89.09 90.35 87.99/87.54 92.97 80.14 86.79
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3.5.2 Experiments on Causal Language Modeling

Setting. We also validate the effectiveness of GFSA on causal language modeling problems.
We finetune GPT2 [88] on the following 3 datasets: Penn Treebank (PTB) |130], WikiText-2,
and WikiText-103 [131]. Following the evaluation method in Yao et al. |[132], we finetune
models for 15 epochs with PTB, 4 epochs with WikiText-103, and 10 epochs with WikiText-2,
and report the perplexity for the sensitivity metric. The detailed experimental settings are

in Section B.811.1]

Table. 3-2: Results comparison on GPT-2 finetuned with GFSA. Avg denotes the average
performance.

Method #Params PTB WikiText-2 WikiText-103 Avg

GPT2 117TM 19.513 20.966 15.939 18.806
+ GFSA 117TM 19.450 20.923 15.919 18.764

Results. Table [3-2| shows the perplexity on PTB, WitiText-2, and WikiText-103. Across
all datasets, GPT2 with GFSA consistently outperforms vanilla GPT2. Our GFSA improves
the average perplexity from 18.806 to 18.764. Note that performance improvements are made
with only 144 additional learnable parameters for 12 layers with 12 heads.

3.5.3 Experiments on Vision Transformers

Setting. We aim to demonstrate the efficacy of our GFSA across a spectrum of ViT
backbones. We choose DeiT [90], CaiT [133], and Swin [92] as the backbone, and the models
are trained from scratch. When training the 12-layer DeiT, we follow the same training recipe,
hyperparameters, and data augmentation from Touvron et al. [90]. For detailed experimental

settings, see Section [3.8.12.1]

Results. In Table[3-3] we consider all three classes, CNN only, CNN + Transformer, and
pure Transformer. We compare various models on the ImageNet-1k benchmark. The results
show that the proposed GFSA successfully enhances DeiT, CaiT, and Swin across all depth
settings and training methods. In particular, in the Transformer category, we only test with
lightweight models with a similar number of parameters, such as ViT-S and DeiT-S. GFSA
provides additional parameters less than 72 for 12-layer DeiT while improving top-1 accuracy
by 1.63%. Compared to existing techniques, the improvements by GFSA already surpass
LayerScale (0.7%) [133], LateInsertion (0.6%) [133], and HAT [112] (1.38%). To sum up, we
observed that both shallow and deep ViTs can achieve the following benefits from GFSA: i)
The filter response shows GFSA can preserve higher-frequency representation (cf. Figure
(a)) and ii) Figure (b) shows that GFSA mitigates the increase in the cosine similarity of
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Table. 3-3: Compared with state-of-the-art models on ImageNet-1k dataset. The number in
(1) indicates the performance improvement over the base model.

Category  Method Input Size #Layers #Params Top-1 Acc
ONN ResNet-152 224 152 230M 78.1
DenseNet-201 [135] 224 201 7™ 77.6
CNN + CVT-21 [136] 224 21 32M 82.5
Transformer Refiner \\ 224 16 86M 81.2
224 12 49M 78.1
224 12 86M 79.8
224 12 22M 79.8
DeiT-S + LayerScale [133] 224 12 22M 80.5
DeiT-S + Latelnsertion [133] 224 12 22M 80.5
DeiT-S + ClassAttention [133] 224 12 22M 80.6
DeiT-S + AttnScale [103)] 224 12 22M 80.7
DeiT-S + FeatScale \\ 224 12 22M 80.9
Transformer DEIT-S + HAT [112] 224 12 22M 80.9
DeiT-S + Diverse [137] 224 12 22M 80.6
DeiT-S 4+ ContraNorm 224 12 29M 80.4
Swin-S 224 12 50M 82.9
T2T-ViT-24 [138] 224 24 64M 82.3
DeepViT-24B [91] 224 24 36M 80.1
DeiT-S [90] 224 24 43M 80.5
CaiT-S [133] 224 24 47TM 82.6
DeiT-S + DiversePatch |\ 224 24 44M 82.2
DeiT-S + LayerScale [133] 224 24 44M 82.4
DeiT-S + AttnScale [103] 224 24 44M 81.1
DeiT-S + FeatScale [103] 224 24 44M 81.3
DeiT-S 4 ContraNorm |1] 224 24 43M 80.7
DeiT-S + GFSA 224 12 22M  81.1 (1 1.3)
GFSA DeiT-S 4+ GFSA 224 24 43M  81.5 (1 1.0)
CaiT-S + GFSA 224 24 47TM  82.8 (1 0.2)
Swin-S + GFSA 224 12 50M  83.0 (1 0.1)

representation as the layer gets deeper. We further compare with state-of-the-art models that
use Fourier transforms rather than graph filters in Section |3.8.12.4] We also show results
under the same settings as ContraNorm [1] in Section [3.8.12.5

3.5.4 Experiments on Graph-level Tasks

Setting. To evaluate the efficacy of GFSA on graph-level tasks, we conduct experiments on a
broader range of datasets. We use datasets from Long-Range Graph Benchmark (LRGB) 139
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(e.g., Peptide-func and Peptide-struct), Benchmarking GNNs [140] (e.g., ZINC, MNIST,
CIFARI10), Open Graph Benchmark (OGB) dataset [141] (e.g., Molhiv and MolTox21), and
OGB-LSC dataset (i.e., PCQM4M-LSC) |142]. We choose Graphormer [143], Graph-ViT [144],
and GPS [95] as our backbone architectures, following their original experimental protocols
for fair comparison. For GPS, we replace its self-attention module with our GFSA while
maintaining its best configuration and other hyperparameters. For Graph-ViT, we apply
GFSA to the Hadamard self-attention method, which He et al. [144] propose as optimal. For
a detailed experimental setting, see Section

Results. Tables to show consistent performance improvements when GFSA is
integrated with backbone architectures. Graph-ViT 4+ GFSA shows improvements on all
datasets. On Peptide-func, it achieves a 0.65% increase in AP. Notably, in PCQM4M,
incorporating GFSA improves the validation MAE by 7.20%.

Table. 3-4: Experimental results and number of parameters on ZINC

Method #Params MAE

Graphormer 500K 0.1240+0.006
Graphormer + GFSA 500K  0.1189x0.002

Table. 3-5: Experimental results and number of parameters on PCQM4M and PCQM4Mv2

Method #Params PCQMIM PCQM4My2
Train Validate Train Validate
Graphormer 48.3M  0.0535+0.038 0.1286+0.016 0.0250+0.000 0.0862+0.000

Graphormer + GFSA  48.3M  0.0312+0.001 0.1193+0.000 0.0249+0.000 0.0860-0.000

3.5.5 Experiments on Automatic Speech Recognition

Setting. We conduct automatic speech recognition (ASR) experiments on the LibriSpeechH
dataset [145], which consists of audio recordings paired with their transcriptions. We use
Branchformer [97] and a pure Transformer. For implementation, we follow the recipes of

SpeechBrain [146], and the detailed settings are in Section [3.8.13.1

Results. Table compares word error rates (WERs) on LibriSpeech 100h and 960h.
For 100h, Transformer+GFSA achieves 10.30/25.30 on the test clean/other set, which
is a 6.53% improvement over the Transformer for the WER of the test clean. For 960h,
Transformer+GFSA shows a WER result of 2.31 in test clean, a 4.55% improvement over

Shttp://www.openslr.org/12
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Table. 3-7: Results for ASR training on LibriSpeech 100h and 960h with GFSA

Method 4 Params LibriSpeech 100h LibriSpeech 960h
test-clean WER test-other WER test-clean WER test-other WER
Transformer 71.5M 11.02 25.42 2.42 5.50
+ GFSA 71.5M 10.30 24.30 2.31 5.49
Branchformer 109.8M 9.63 22.43 2.13 5.00
+ GFSA 109.8M 9.60 22.25 2.11 4.94

Transformer, and Branchformer+GFSA achieves 2.31/5.49 with an LM on the test clean/other
sets. Figure 3-8 in Section [3:8.13.2] depicts the learning curves of train loss and valid loss
when using GFSA, showing the effectiveness of our proposed filter.

3.5.6 Experiments on Code Classification

Setting. We conduct a code defect detection task based on the Devign dataset pro-
vided by Zhou et al. [147]. We use RoBERTa [129], CodeBERT [148|, PLBART [149|, and
CodeT5 [150] as our backbone models. The detailed settings are in Section |3.8.15.1

Results. Table shows the accuracy of all models; GFSA results are better than the
base models. The biggest improvement is 2.40% for RoBERTa. In the case of CodeT5-base,
using GFSA shows an accuracy of 64.75, an improvement of 1.95% from 63.51. CodeT5-
small+GFSA has only about 100 additional parameters compared to CodeT5-small with
60M parameters, and even more impressively, it surpasses the accuracy of CodeT5-base. The
biggest improvement is 2.40% for RoBERTa. In Section we include case studies for
this task. We also report the results of the code clone detection task in Section [3.8:15.3]

Table. 3-8: Results on code classification. The number in (1) indicates the improvement rate.

Method Accuracy

RoBERTa 62.88
+ GFSA 64.39 (1 2.40%)

CodeBERT 64.31
+ GFSA 64.49 (1 0.12%)

PLBART 62.63
+ GFSA 62.96 (1 0.52%)

CodeT5-small  63.25
+ GFSA 63.69 (1 0.70%)

CodeT5-base 63.51
+ GFSA 64.75 (1 1.95%)
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3.6 Discussion on Runtime Overheads

Limitation. The introduction of our GFSA layer results in a slight increase in training and
inference time. We report the runtimes when plugging GFSA in Sections [3.8.15.4] and [3.8.16}
For GLUE benchmark, integrating GFSA into BERT enhances the average performance
from 82.51% to 83.58% (see Table with more overhead of less than 36 seconds per epoch
based on average training time (see Table . Considering the improvements, the increases
in training time are negligible.
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Figure. 3-3: Effectiveness of our selective layer strategy on ImageNet-1k. This shows out
strategy’s ability to maintain accuracy benefits while mitigating runtime increases.

GFSA in selected layers: a strategy to mitigate the limitation. As GFSA requires
more calculation than the original self-attention, the runtime after using GFSA slightly
increases. Our experiments initially applied GFSA across all Transformer layers (as discussed
in Section ; however, to reduce computational load, we propose a selective application
strategy. For this purpose, GFSA is used only on even-numbered layers. In Tables and
B36] of Section the results show that this strategy effectively reduces runtime increases
while preserving comparable performance to the full-layer GFSA integration. Notably, the
selective application of GFSA cuts the per-epoch runtime increase by 26.90% relative to

its full-layer application, with only a 7.39% increase in runtime per epoch compared to the
backbone model in Table B-36l

GFSA in linear Transformers. Although GFSA requires additional computation for
calculating A2, we explore integrating GFSA with linear attention variants to maintain
efficiency and scalability. Recent approaches achieve linear complexity by refor-
mulating softmax operations and reordering matrix multiplication in self-attention. We
apply similar principles to compute second-order self-attention efficiently, enabling Hersa
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Figure. 3-4: Performance (z-axis), runtime (y-axis), and GPU usage (circle sizes) of various
Transformers and integrated GFSA on Long-Range benchmark

calculation with linear complexity with respect to sequence length. Figure [3-4] shows the
performance, runtime, and GPU usage changes when applying our GFSA to Transformers
with linear complexity. GFSA still improves performance compared to the backbone model,
while the increase in time and GPU usage is minimal. Notably, when GFSA is applied to
Efficient Attention [152], the performance is improved and the runtime is 11.82 times faster
than when GFSA is applied to the vanilla self-attention. This shows that GFSA can be
effectively implemented with linear complexity architectures while preserving its benefits
and providing a solution for addressing computational concerns.

3.7 Summary

Our proposed GFSA achieves high performance with improvements on a variety of tasks.
GFSA is a simple yet effective method that enriches self-attention in Transformers with more
diverse frequency information. This enables GFSA to address the over-smoothing problem
and learn better latent representations for downstream tasks. However, our GFSA does not
bring significant overheads in those Transformers’ empirical runtime complexity. One can
use more complicated graph filters to enhance accuracy further, but our goal is to find a
balance between accuracy enhancements and overheads in runtime complexity.

We believe that GFSA suggests a promising new direction for improving Transformers.
GFSA can be implemented only and used in conjunction with other techniques to further
improve the performance of Transformers. Considering the ongoing advancements in large
language models, such as GPT-4 [153] and LLaMA [154], we hope that our approach may
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offer new insights for enhancing their performance and efficiency.

3.8 Appendix

3.8.1 Oversmoothing and Additional Visualizations

In Figure [3-2] we show the visualizations of over-smoothing characteristics in DeiT. We
also provide visualizations in other domains. We show the filter response, cosine similarity,
and singular value of BERT finetuned on STS-B dataset of GLUE tasks in Figure and
Graphormer finetuned on ZINC dataset in Figure |3-6

To characterize self-attention, we first analyze the filter response of self-attention in the
frequency domain. We follow the method used by Wang et al. for spectral visualization
of the self-attention matrix. As shown in Figure (a), DeiT has a near-zero magnitude for
the high frequencies, which is characteristic of a low-frequency filter and is likely to result in
oversmoothing when applied multiple times.

We follow the calculation method of Guo et al. for cosine similarity. As shown in
Figure (b), the higher similarity as the layers of the model get deeper is related to the
oversmoothing problem. To further analyze this issue, we also consider the dimensionality
collapse in Transformer-based models. We plot the singular value distribution of the feature
in the last block. As shown in Figure (c), insignificant, near-zero values dominate the
feature distribution. As layers get deeper, the similarity of features increases, and dimensional
collapse occurs. The oversmoothing problem is the same in BERT and Graphormer, as shown
in Figure [3-5 and Figure [3-6
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Figure. 3-5: Filter frequency response, cosine similarity, and singular values on STS-B for
BERT and BERT+GFSA
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Figure. 3-6: Filter frequency response, cosine similarity, and singular values on ZINC for
Graphormer and Graphormer+GFSA

3.8.2 Analysis of Frequency Responses with Visualizations

We analyze the frequency responses, representing the impact of learned coefficients, for all
12 layers of BERTpasg with and without GFSA. From Figure [3-7} our analysis reveals
that GFSA learns various filter types between layers. In early layers, we observe a tendency
towards low-pass filtering, with prominent peaks at low frequencies. This aligns with the
need for broader feature extraction in initial layers. The middle layers show low-pass and
high-pass characteristics, with more complex frequency responses. This suggests GFSA is
learning to balance between feature extraction and refinement. In deep layers, there is a
noticeable shift towards higher frequency responses, indicating a move towards high-pass
filtering. This shift supports our claim that GFSA can mitigate oversmoothing in deeper layers.
BERTgasg+GFSA shows a consistently higher magnitude response at higher frequencies,
especially in deeper layers, than vanilla BERT. In other words, vanilla self-attention works
primarily as a low-pass filter, while GFSA utilizes a wider range of frequencies.

3.8.3 Frequency Analyses in the Singular Value Domain

Graph signal processing (GSP) [114} |115] can be understood as a generalized concept of
DSP — in other words, DSP is a special case of GSP where a line graph with n nodes is used.
Therefore, the graph Fourier transform (GFT) of the line graph is identical to the discrete
Fourier transform.

In the definition of GFT, we assume that the graph shift operator (GSO) S is diagonalizable.
Considering the eigendecomposition of the GSO § = VTAV with eigenvector V', we can
write the graph filter output as follows:

K K K
y=> wS'z=> VIuA'Va=VT() wA")Ve=VTgA)Va, (3.11)
k=0 k=0 k=0
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Figure. 3-7: Visualization of the frequency responses for all 12 layers of BERT trained on the
STS-B dataset. The top-left figure corresponds to the first layer, and the bottom-right figure
corresponds to the last layer.

where & € R™ is a 1-dimensional graph signal, A is a diagonal matrix with eigenvalues, and
wy, € [—00, 0] is a coefficient.

However, one can use the singular value decomposition when the GSO is not diagonalizable
but symmetrically normalized, instead of the eigendecomposition . Both the singular
value decomposition and the eigendecomposition project the original signal onto a set of
bases, but they use different basis sets. In the singular value decomposition, we sort the
set of bases in ascending order of their eigenvalues, and perform frequency domain-like
analyses 113].

Since the self-attention matrix’s row-wise sum is always 1, the following is the case:
A=D"1A= %A, where n is the number of tokens. Maskey et al. define the following

out ®. Since the degree of

symmetrically normalized adjacency matrix (SNA): Di_nl/ *AD
every node is n in the self-attention matrix, the following is the case: Di_nl/ 2ADO_u1t/ ? =
D-12AD 12 = \/LEALn = 1A = A Therefore, the self-attention matrix is a special case

o=
of SNAs.
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3.8.4 Matrix Polynomial vs. Graph Fourier Transform

There are two paradigms of implementing graph filters: i) matrix polynomial, which does not
require diagonalizability, and ii) graph Fourier transform, which uses the eigendecomposition
for diagonalizable adjacency matrices or uses the Jordan decomposition or the singular value
decomposition for non-diagonalizable adjacency matrices.

Those two paradigms have their own weaknesses: 1) the matrix polynomial approach
requires explicit matrix multiplications, and ii) the graph Fourier transform approach requires
expansive spectral decompositions. The matrix polynomial is preferred when there are not
many matrix multiplications. Otherwise, the graph Fourier transform approach may be better
since the matrix multiplication can be simplified after the decomposition.

Among those two, we use the first matrix polynomial approach with only three non-zero
coefficients {wg, w1, wk } since it does not require the complicated spectral decomposition.
Since we do not rely on any explicit spectral decomposition but on the matrix polynomial,
any adjacency matrix can be used.

3.8.5 Proof of Theorem [3.3.1]

Theorem 4.3.1 (Filter characteristics based on coefficient values). Let A be a self-attention
matriz interpreted as a graph with connected components. Consider the polynomial graph filter
defined by ZkK:o wiA*, where wa, ws, ..., wrg_1 =0 and only wo, wi, and wg are non-zero.
If the coefficients wy, for k = 0,1, K are positive and their sum is 1, then the polynomial filter
acts as a low-pass filter, attenuating high-frequency components and promoting smoothness
across the graph. Conversely, if wy = (—a)* for k =0,1,K and o € (0,1) with sufficient
large K, the polynomial filter exhibits high-pass filter behavior.

Note that without filtering, the singular value ratio is |O’?‘ / ’0‘(1)‘ = 1. In the case where
lg(0:)/g(o1)| < 1Vi> 2, it implies that after applying the graph filter g, the lowest frequency
component further dominates, indicating that the graph filter acts as a low-pass filter.
Conversely, in the case where |g(0;)/g(01)| > 1 Vi > 2, it implies that after applying the
graph filter g, the lowest frequency component ¢; no longer dominates, indicating that the
graph filter acts as a high-pass filter.

Proof. We prove the low-pass filter result. For the case where wg, wy, and wg are positive
and their sum is 1, we show that

lg(1)] = [wo + w1 + wi| =1 (3.12)
Hence, proving Section is equivalent to show |g(c;)| < 1.
lg(c:)| = }wo +wy0; +wg (o; + (K —1)(0F — o’i))’ < |wog +wio; + wro;| =0, <1 (3.13)

since o; + (K —1)(0? —03) = 0;((K — 1)o; — (K = 2)) < 0y(K — 1) — (K - 2)) =0,
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For the high-pass filter result, when wy = (—a)*/(k + 1) where k = 0,1, K and a € (0, 1),
then we show that when wy = 1,w; = —a/2,

limg 00 g(0;) limg 00 wo + w10y + Wi (07 + (K — 1)(01»2 —0;))

= 3.14
limg 00 g(o1) limg 00 wo + w1 + wr(1+ (K —1)(1—1)) ( )
. @ — K
_ limpg oo 1 — 50'1“‘!“(([((1)1) (Ui+(K_1)(0-1‘2_Ui)) (3 15)
: a | (o)¥ ’
limpg 001 — b + [7em)
_ K
_ |1 0+ (imscos 7555 (01 + (K = 1)(0F — 00))) _
1-5 ’
1- 2o,
= |27 5 (3.17)
1=3
since
lim i(ai + (K —1)(62 — ;) = lim ﬂ(}( —1)(0? — 0y) (3.18)
NV VP S
= Klgnoo a K=1) (07 —0;) =0 (3.19)

It shows that the graph filter with wy, = (—a)*/(k + 1) for k = 1,2, K emphasizes high-
frequency components and acts as a high-pass filter.

This proof supports that the behavior of the polynomial filter as either a low-pass or
high-pass filter directly depends on the sign and values of the coefficients, as specified in

Theorem B.3.1] O

3.8.6 Proof of Theorem [3.4.1]

Proof. The Frobenius norm of the self-attention is directly related to how far the softmax
probabilities are from being uniform. For any matrix M € R™*" we have

||softmax(M)||r = \/m i Zi:lsx2 (S, U"), (3.20)

where S; is the i-th row of softmax(M), U, is the uniform distribution over n elements, and
dy2(p,q) = >, 4i(pi/q; — 1)? is the x*-divergence between p and g [155]. The Frobenius norm
is maximized when the whole mass of the probabilities is on one element, which is a case
for dy2(S;,Un) =n — 1 and ||softmax(M)||r = y/m. Therefore, we can calculate the upper
bound of the Frobenius norm for A as follows:

|AllF < V/n. (3.21)
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Note that A € R"*" is a right-stochastic matrix normalized with row-wise softmax: i) all
the elements of A lie within [0, 1], and ii) the row-sum in A is equal to 1. Since the self-
attention matrix is right-stochastic, the power of the self-attention is also a right-stochastic
matrix. Therefore, Equation is also hold for AX as follows:

1A |r= DAl < [ A =Allr < v (3.22)

(2] (2]

Now, considering the error term Ex as given by Theorem and applying the triangle
inequality for matrix norms:

Eg = |AX — (A+ (K —1)(A% — A))||r (3.23)
<[|AX||p + | Allr + (K = 1)(||A%||F + || Al|F) (3.24)
<Vn+vn+ (K -1)(Vn++vn)=2VnK. (3.25)

O

3.8.7 Implementation of GFSA

The pseudo code of our GFSA is shown in Algorithm [3-1] For implementation, wg and w;
can be set as hyperparameters optionally.

Algorithm 3.1 PyTorch-style pseudocode for GFSA
w_0 = torch.zeros(h)

w_1 = torch.ones(h)
w.K = torch.zeros(h)
I = torch.eyes(n) [None, None, ...]

def GFSA (att, K)
att: original self-attention
att_K: high order term
att K = att + (K-1) * (torch.mm(att,att)-att)
gf_att: GFSA attention

gf_att = w.O[None, :, None, None] * I
+ w_1[None, :, None, None] * att
+ w_K[None, :, None, None] * att K

return gf_att

3.8.8 Comparison with Actual and Approximated High-order Terms

To compare the impact of the actual AX and the approximated AX in terms of accuracy,
we experimented with BERT on GLUE and the results are summarized in Table [3-9
BERTgAse+AX denotes using the exactly calculated AK instead of the approximated AK,

51



Table. 3-9: Comparison of performance using the exactly calculated AKX vs. the approximated
AX for GLUE tasks

Datasets CoLA SST-2 MRPC QQP STS-B MNLI-m/mm QNLI RTE Avg

BERTBAsE [86] B 56.79 93.81 88.70 88.32 88.16 84.96/84.15 91.63 66.06 82.51
+ GFSA (approx.iAK) 59.56 94.15 90.60 88.46 88.33 85.12/85.06 91.95 68.95 83.58
+ GFSA (actual A®) 59.85 94.27 89.80 88.43 88.32 84.95/84.89 91.76 68.23 83.39

3.8.9 Natural Language Understanding

Detailed Experimental Settings. We integrate GFSA into 3 pre-trained large language
models: BERT, ALBERT, and RoBERTa. We evaluate them on the GLUE benchmark,
which includes 3 categories of natural language understanding tasks: i) single-sentence tasks
CoLA and SST-2; ii) similarity and paraphrasing tasks MRPC, QQP, and STS-B; iii) natural
language inference tasks MNLI, QNLI, and RTE. For the MNLI task, we experiment on
both the matched (MNLI-m) and mismatched (MNLI-mm) versions. Following Devlin et al.
[86], we report Matthews correlation for CoLA, F1 scores for QQP and MRPC, Spearman
correlations for STS-B, and accuracy scores for the other tasks. For each task, we select
the best hyperparameters for GFSA, and the other hyperparameters are fixed. We compare
our GFSA with ContraNorm [1], one of the related methods that address oversmoothing.
We fine-tune ContraNorm with the recommended hyperparameters in Guo et al. [1]. We
initialize with a pre-trained language model and fine-tune with added GFSA for 5 epochs.

Dataset. The benchmark datasets we used are listed below.

e CoLA. The Corpus of Linguistic Acceptability [156] consists of English acceptability
judgments drawn from books and journal articles. The target task is a binary clas-
sification task, and each sentence is determined to be grammatically acceptable or

not.

e SST-2. The Stanford Sentiment Treebank [157] is a dataset in which each sentence is
sourced from movie reviews and accompanied by human annotations of its sentiment.

The target task is to classify binary sentiments for a single sentence.

e MRPC. The Microsoft Research Paraphrase Corpus [158] is a corpus of sentence
pairs, which are automatically extracted from online news sources and annotated by
humans. The target is to determine whether the sentences in the pair are semantically
equivalent.

e QQP. The Quora Question Pairs [159] dataset is a collection of question pairs from
the community question-answering website Quora. The target is to determine whether
the questions in the pair are semantically equivalent.
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e STS-B. The Semantic Textual Similarity Benchmark [160] is a collection of sentence
pairs drawn from news headlines, video and image captions, and natural language
inference data with human annotation. The target is a regression task to predict a
similarity score from 0 to 5.

e MINLI. The Multi-Genre Natural Language Inference Corpus |161] is a crowdsourced
collection of sentence pairs with textual entailment annotations. Given a premise
sentence and a hypothesis sentence, the task is to predict whether the premise entails
the hypothesis (entailment), contradicts the hypothesis (contradiction), or neither
(neutral). The standard test set consists of private labels from the authors and evaluates
both the matched (in-domain) and mismatched (cross-domain) sections.

e QNLI. The Stanford Question Answering [162] dataset is a question-answering dataset
consisting of question-paragraph pairs, where one of the sentences in the paragraph
contains the answer to the corresponding question written by an annotator. The task
is to determine whether the context sentence contains the answer to the question.

e RTE. The Recognizing Textual Entailment [163] dataset comes from a series of annual
textual entailment challenges. The target task is a binary entailment classification task.

BERT. BERT [86] consists of 12 layers, 12 heads, 768 hidden size, 512 maximum sequence
length, and an MLP dimension of 3072.

ALBERT. ALBERT [128] consists of 12 layers, 12 heads, 768 hidden dimensions, 512
maximum sequence length, 128 embedding dimensions, and an MLP dimension of 3072.

RoBERTa. RoBERTa [129] consists of 12 layers, 12 heads, 768 hidden size, 514 maximum
sequence length, and an MLP dimension of 3072.

Training. For implementation, we adopt the HuggingFace framework. We trained all
models with 5 epochs and 32 batch sizes. The linear learning rate decay is used, and the
initial learning rate is set to 2 x 1075, We use AdamW [164] optimizer, and weight decay is
set to 0. All models are trained on 1 GPU of NVIDIA RTX A5000 24GB.

3.8.10 Sensitivity to K

In this section, we explore the influence of the polynomial order, denoted as K, in our GFSA,
conducting experiments on BERTgasg finetuned with GLUE tasks. We search for values of
K from 2 to 10, and the results are presented in Table m For each dataset, there is an
optimal K, and the performance of models using GFSA is generally robust to changes in K.
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Table. 3-10: Sensitivity results on various K with BERTgagg finetuned on GLUE tasks

K CoLA SST2 MRPC QQP STSB MNLI-m MNLI-mm QNLI RTE
2 5783 94.15 90.60 8841 88.27 84.96 84.90 91.74  68.23
3 5856 9346  89.77  88.41 88.33 85.08 84.75 91.78  68.59
4 59.56 9346 89.77  88.45 88.29 85.06 85.06 91.76  68.59
5 5810 93,58  90.07 8839  88.29 84.87 84.99 91.85  68.95
6 5940 93.58 90.40  88.29  88.27 84.93 84.97 91.69  68.23
7 59.12 94.04 9048  88.43 88.26 85.12 84.94 91.82  68.94
8§ 5858 93.69 90.12 88.46 88.24 84.92 84.81 91.95 68.95
9 5888 9346 89.54 8841 88.26 85.06 91.67 67.87  85.04
10 59.31 9335 89.98  88.41 88.30 84.84 91.73 68.59  84.93

3.8.11 Causal Language Modeling
3.8.11.1 Detailed Experimental Settings

Dataset. The benchmark datasets we used are listed below.

e PTB. Penn Treebank [130] dataset is a collection of text documents that have been
extensively annotated with linguistic information, primarily syntactic and grammatical
structures.

o WikiText. WikiText [131] dataset is a collection of over 100 million tokens extracted
from the set of verified good and featured articles on Wikipedia. Compared to the
preprocessed version of Penn Treebank (PTB), WikiText-2 is over 2 times larger, and
WikiText-103 is over 110 times larger.

GPT2. GPT2 [88] is a Transformer pretrained on a very large corpus of English data in a
self-supervised fashion without any human labeling on the dataset. It automatically generates
inputs and labels from those texts and is trained to guess the next word in sentences. For
implementation, we adopt the HuggingFace Framework EL For all experiments, GPT2 has
12 layers with 12 attention heads, 768 hidden size, and 1024 maximum sequence length,
resulting in a total of 117 million parameters.

Training. We finetune GPT2 with 4 batch size, 5 x 107° learning rate and linear learning
weight decay using adamW [164] optimizer. We also apply dropout with a probability of
0.1. Following [132], we train models for 15 epochs with PTB, 4 epochs with WikiText-103,
and 10 epochs with WikiText-2. We use a sensitivity metric, i.e., perplexity, which is a
commonly used metric to evaluate the performance of language models, particularly in

4https://github.com/huggingface/transformers
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language modeling and text generation tasks. Perplexity measures how well a language model
can predict a sequence of words in a given text or a test dataset. All the experiments are
conducted on 1 GPU of NVIDIA RTX 3090 24GB.

3.8.11.2 Sensitivity to K

We conducted a sensitivity study on K of GPT-2 across all datasets, and the results are
presented in Table [3-11] For PTB and WikiText-2, GFSA exhibits the best performance
when K is high, typically around 8 or 9. However, for WikiText-103, GFSA achieves the best
perplexity when K is small, specifically when K is 3 or 4.

Table. 3-11: Sensitivity to K on GPT-2 finetuned with GFSA

Method #Params  PTB  WikiText-2 WikiText-103
GPT?2 [8§] 117™™ 19.513 20.966 15.939
GPT2 + GFSA(K =2) 117M 19.459 20.929 15.920
GPT2 + GFSA(K =3) 117M 19.456 20.927 15.919
GPT2 + GFSA(K =4) 117M 19.453 20.927 15.919
GPT2 + GFSA(K =5) 117M 19.452 20.925 15.920
GPT2 + GFSA(K =6) 117™ 19.451 20.925 15.920
GPT2 + GFSA(K =17) 117M 19.450 20.925 15.921
GPT2 + GFSA(K =38) 117M 19.450 20.924 15.921
GPT2 + GFSA(K =9) 117M 19.450 20.923 15.921

3.8.12 Image Classification
3.8.12.1 Detailed Experimental Settings

Our code is implemented based on the timm library [165]. In the case of our training recipe,
it is the same as the experimental setting of Wang et al. [103] that follows the training recipes
of Touvron et al. [90] and Touvron et al. [133]. To apply our GFSA to existing base models
such as DeiT, Cait, and Swin, we consider a range of K between 2 and 5. For 12-layer DeiT,
we follow the same hyperparameters from Wang et al. [103]. We set the dropout rate to 0
and 0.2 for 12-layer and 24-layer DeiT, respectively. For CaiT, we apply our GFSA only to
the patch embedding layer. All other hyperparameters are kept consistent with the original
papers of DeiT [90], CaiT [133], and Swin [92]. All models are trained on NVIDIA RTX
3090 24GB.

3.8.12.2 FLOPs & Throughput

In Table we report the number of FLOPs and throughput. With GFSA plugged in, the
FLOP count is either the same or not different. For DeiT-S with 24 layers, there is a slight
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FLOP increase with GFSA plugged in. However, for the rest of the settings, the models
have the same number of Flops. For throughput, it tends to decrease because calculating the
high-order term is an additional cost.

Table. 3-12: Experimental evaluation of GFSA plugged into DeiT-S, CaiT-S, and Swin-S

Backbone Method Input Size #Layers #Params #FLOPs #Throughput Top-1 Acc

DeiT-S 224 12 22.0M 457G 856.07 79.8
DeiT + GFSA 224 12 22.0M 4.57G 614.54 81.1 (1 1.3)

DeiT-S 224 24 43.3M 9.09G 423.68 80.5

+ GFSA 224 24 43.3M 9.10G 314.75 81.5 (1 1.0)
CaiT CaiT-S 224 24 46.9M 9.34G 574.66 82.6

+ GFSA 224 24 47.0M 9.34G 406.96 82.8 (1 0.2)
Swin Swin-S 224 24 49.6M 8.75G 912.38 82.9

+ GFSA 224 24 49.6M 8.75G 714.60 83.0 (1 0.1)

3.8.12.3 Sensitivity to K

We also perform the sensitivity analysis for K. Tables and show the results of
the sensitivity analysis for DeiT-S and CaiT-S with GFSA plugged in. For 12-layer DeiT-S,
the GFSA performance of 81.12 is highest when K = 3. When the GFSA has a K of 2,
the performance is worse than the original DeiT-S, but when the K is 3 or higher, the
performance is better than the original DeiT-S, and most surprisingly, the performance is
better than the 24-layer DeiT-S.

CaiT-S shows the highest performance of 82.84 when K = 4. For CaiT-S, the accuracy
is slightly lower than that of the original CaiT-S when K = 2, but it starts to exceed the
accuracy of CaiT-S when K is 3 or higher.

Table. 3-13: Sensitivity to K for 12-layer DeiT-S + GFSA

K 2 3 4 5
Top-1 Acc (%) 79.27 81.12 80.86 81.07

Table. 3-14: Sensitivity to K for 24-layer CaiT-S + GFSA

K 2 3 4
Top-1 Acc (%) 82.54 82.65 82.84
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3.8.12.4 Additional Comparison with SOTA Models

Our main experiment aims to determine whether introducing the GFSA layer would help
improve performance in a base model, such as DeiT. We also compare our method with the
recent models: SpectFormer [166], SVT [167], NeuTRENO [168], FNet [169], and GFNet [170].
We use a 12-layer setup to ensure a fair comparison in Table [3-15

GFNet [170] can reduce the number of parameters, but there is a performance penalty.
However, the performance improvement of DeiT-S+GFSA is relatively greater than that of
DeiT-S compared to other models. SpectFormer [166] and SVT [167] have advantages in
calculation amount and model complexity, and performance is improved over DeiT-S, but
Top-1 and Top-5 accuracies are lower than those using GFSA. Additionally, Neu TRENO [168]
also improves as much as GFSA compared to DeiT-S, but GFSA still has higher Top-1
accuracy.

Table. 3-15: Compared with state-of-the-art models on ImageNet-1k

Method Input Size #Layers #Params Top-1 Acc Top-5 Acc
DeiT-S 224 12 22M 79.8 95.0
Fnet-XS [169] 224 12 20M 71.2 -
GFNet-XS [170] 224 12 16M 78.6 94.2
SpectFormer-XS [166| 224 12 20M 80.2 94.7
SVT-XS [167] 224 12 20M 79.9 94.5
DeiT-S + NeuTRENO [168| 224 12 20M 80.7 95.4
DeiT-S + GFSA 224 12 22M 81.1 95.4

3.8.12.5 Additional Experiments with Guo et al. [1]’s setting

To make a fair comparison with ContraNorm [1], one of the related studies that mitigates
oversmoothing, we run additional experiments to match their experimental setup.

Setting. We follow the training recipe used by Guo et al. [1], a slightly modified version of
Touvron et al. [90]’s recipe. Guo et al. [1] use AdamW optimizer with cosine learning rate
decay. We select the DeiT-T and DeiT-S for ImageNet-1k. “T” and “S” denote tiny and
small model sizes, respectively. For all experiments, the image size is set to be 224x224. We
train each model for 300 epochs, and the batch size is 1024. For ContraNorm, we train with
their recommended hyperparameters. All models are trained on 4 GPUs of NVIDIA RTX
A6000 48GB.

Results. In Table[3-16] DeiT-T and DeiT-S with GFSA outperform vanilla DeiT-T and

DeiT-S in all layer settings. GFSA improves the performance of DeiT-T with 12 layers
by 1.52%. The largest gain is a 4.88% improvement on 16-layer DeiT-T. This shows that
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the effect of GFSA is larger than the effect of ContraNorm. For DeiT-S with 16 layers,

surprisingly, GFSA can increase the performance by 80.83%, meaning that GFSA brings
benefits with a 3.23% improvement.

Table. 3-16: Experiment results on ImageNet-1k

Method #Layers=12 #Layers=16 +#Layers=24
DeiT-T 76.52 75.34 76.76
DeiT-T + ContraNorm 77.03 78.72 78.12
DeiT-T + GFSA 77.68 79.02 78.64
DeiT-S 77.32 78.25 77.69
DeiT-S + ContraNorm 77.80 79.04 78.67
DeiT-S + GFSA 79.86 80.83 79.15

Sensitivity to K. In Table we experiment with a sensitivity analysis for K. For
DeiT-T, the performance of GFSA generally improves when K is 4 or 5. On the other hand,
GFSA performs better at lower K for settings that are layers 16 and 24 for DeiT-S.

Table. 3-17: Varying K for DeiT-T and DeiT-S

Method K #Layers=12 +#Layers=16 +#Layers=24
DeiT-T + GFSA 2 76.92 78.14 78.40
DeiT-T + GFSA 3 77.41 77.76 78.09
DeiT-T + GFSA 4 77.01 79.02 78.64
DeiT-T + GFSA 5 77.68 78.14 78.64
DeiT-S + GFSA 2 79.84 80.83 79.15
DeiT-S + GFSA 3 79.85 79.39 79.07
DeiT-S + GFSA 4 79.86 79.44 79.10

3.8.13 Automatic Speech Recognition
3.8.13.1 Detailed Experimental Settings

Dataset. We conduct experiments on the LibriSpeech E] dataset |145], which consists of
audio recordings paired with their transcriptions. The LibriSpeech dataset has approximately
1,000 hours of read English speech with a sampling rate of 16 kHz. We keep the original
16,000Hz sampling rate and compute 80-dim log-Mel filterbanks for a 25ms sliding window,
strided by 10ms. The filterbank features are then normalized to zero mean and unit variance
per input sequence. For implementation, we follow the recipes of SpeechBrain [146].

Shttp://www.openslr.org/12
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Evaluation Metric. Word error rate (WER (%)) is derived from the Levenshtein distance
and compares a reference to a hypothesized word-level transcription. It is calculated by
summing the number of word insertions, deletions, and substitutions and dividing it by the
total number of words in the reference transcription.

Vanilla Transformer. We use a vanilla Transformer to apply our GFSA. For implemen-
tation, we use a SpeechBrain [146] framework. The vanilla Transformer consists of i) 1D
convolution to perform striding, ii) Transformer encoder with 12 layers, 4 heads, embedding
dimension of 512, MLP dimension of 2048, and post-LayerNorm iii) decoder with 6 layers,
4 heads, embedding dimension of 512, MLP dimension of 2048, joint beamsearch, and iv)
external Transformer language model with 12 layers, 12 heads, embedding dimension of 768,
and MLP dimension of 3072.

Branchformer. We use one of the SOTA models, Branchformer [97], to plug into our
GFSA. Branchformer has two parallel branches, one for capturing global interactions using
attention and the other for more localized context using a convolutional gating MLP. The
Branchformer architecture for speech recognition consists of i) 1D convolution to perform
striding, ii) Branchformer encoder with 18 layers, 8 heads, embedding dimension of 512, and
MLP dimension of 3072, iii) decoder with 6 layers, 8 heads, embedding dimension of 512,
a convolutional spatial gating unit (CSGU) dimension of 3072, joint beamsearch, and iv)
external Transformer language model with 12 layers, 12 heads, embedding dimension of 768,
and MLP dimension of 3072.

Training. We follow a training recipe from SpeechBrain [146]. The standard LibriSpeech
validation sets (dev-clean and dev-other) are used to tune all parameters and select the best
models. Test sets (test-clean and test-other) are used only to report final WER performance.
We train the pure Transformer for 100 epochs and the Branchformer for 120 epochs with a
batch size of 16. We use a data augmentation method on all models using SpecAugment [171].
SpecAugment applies time and frequency masking as well as time warping to the input
spectrum. For Branchformer, we use AdamW [164] optimizer with 0.9 and 0.98 coefficients
for computing running averages of gradient and its square. The learning rate and weight
decay in all models are 0.0008 and 0.01, respectively. We use a connectionist temporal
classification (CTC) loss [172,[173]. We also apply dropout with a probability of 0.1 and label
smoothing with a weight of 0.1 to mitigate overfitting. We fix the random seed to 74,443 on
all experiments. All models are trained on 1 GPU of NVIDIA RTX A6000 48GB.

Hyperparameters. In Table we describe the main hyperparameters used in the

automatic speech recognition task. For Transformer+GFSA and Branchformer+GFSA, we
also report the best K hyperparameter.
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Table. 3-18: Main hyperparameters used in ASR

Model

Experimental Setting

Transformer

Encoder: Transformer (12 layers)

Decoder: Transformer (6 layers) + (CTC/ATT joint) beamsearch + TransformerLM
Augmentation: SpecAugment

Features: 40 fbanks

Pretraining: no

Dropout: 0.1

Batchnorm: yes

Number of epochs: 100

Batch size: 32

Learning rate: 0.0008

LR scheduler: Noam

Optimizer: Adam

Loss: CTC + KLdiv (Label Smoothing loss)
CTC weight: 0.3

Transformer+GFSA

Encoder: Transformer (12 layers)

Decoder: Transformer (6 layers) + (CTC/ATT joint) beamsearch + TransformerLM
Augmentation: SpecAugment

Features: 40 fbanks

Pretraining: no

Dropout: 0.1

Batchnorm: yes

Number of epochs: 100

Batch size: 32

Learning rate: 0.0008

LR scheduler: Noam

Optimizer: Adam

Loss: CTC + KLdiv (Label Smoothing loss)
CTC weight: 0.3

K: 2

Branchformer

Encoder: Branchformer

Decoder: Transformer (6 layers) + (CTC/ATT joint) beamsearch + TransformerLM
Augmentation: SpecAugment

Features: 40 fbanks

Pretraining: no

Dropout: 0.1

Batchnorm: yes

Number of epochs: 120

Batch size: 16

Learning rate: 0.0008

LR scheduler: Noam

Optimizer: AdamW with coefficients 0.9 and 0.98
Loss: CTC + KLdiv (Label Smoothing loss)
CTC weight: 0.3

Branchformer+GFSA

Encoder: Branchformer

Decoder: Transformer (6 layers) + (CTC/ATT joint) beamsearch + TransformerLM
Augmentation: SpecAugment

Features: 40 fbanks

Pretraining: no

Dropout: 0.1

Batchnorm: yes

Number of epochs: 120

Batch size: 16

Learning rate: 0.0008

LR scheduler: Noam

Optimizer: AdamW with coefficients 0.9 and 0.98
Loss: CTC + KLdiv (Label Smoothing loss)
CTC weight: 0.3

K:3
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3.8.13.2 Training Curve

We compare the training and validation curves for LibriSpeech 100h in Figure [3-8] The
training loss curve of GFSA is lower than that of the pure Transformer. GFSA stabilizes the
loss curve of the pure Transformer slightly earlier.

30
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— Transformer+GFSA 25 —— Transformer+GFSA
w15 v 20
§ §
<10 =1
= 210
5
5
0 0
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(a) Training loss curve (b) Validation loss curve

Figure. 3-8: Training curve on LibriSpeech 100h

3.8.14 Graph-level Tasks
3.8.14.1 Detailed Experimental Settings

Experimental settings for Graphormer. We describe benchmark datasets and Graphormer
as the backbone model we used. ZINC [174] is the most popular real-world molecular dataset
to predict graph property regression for constrained solubility, an important chemical property
for designing generative GNNs for molecules. Uniform sampling is adopted for data splitting.
We use a ZINC-subset of a small-scale dataset. PCQM4M-LSC [142] is a 2D molecular graph,
one of the most practically relevant quantum chemical properties of molecular science. The
task is to predict the density functional theory (DFT)-calculated HOMO-LUMO energy gap
of molecules given their graphs. PCQM4M-LSC is unprecedentedly large in scale compared
to other labeled graph-level prediction datasets, which contain more than 3.8M graphs. We
use PCQM4M and PCQM4Mv?2 large-scale datasets.

Following Graphormer [143], we use Graphormer for PCQM4M and Graphormergyny for
ZINC. Graphormer consists of 12 encoder layers, 80 encoder embedding dimensions, and
768 MLP dimensions. It employs 32 encoder heads and 24 hidden dimensions for each head.
Graphormergyy consists of 12 encoder layers, 80 encoder embedding dimensions, and 80
MLP dimensions. It employs 8 encoder heads and 10 hidden dimensions for each head. We
use adamW [164] optimizer with 0.9 and 0.999 coefficients for running averages of gradient
and its square, and use Mean Absolute Error (MAE) as a loss function. We use polynomial
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learning rate decay, with initial learning rate set to 2 x 10™* and end learning rate set to
1 x 1079. For ZINC, we set batch size as 256, max epochs as 10k, and warm-up stage step as
40k. For PCQM4M and PCQM4Mv2, we set the batch size as 1024, the max epochs as 300,
and the warm-up stage step as 60k. All models are trained on 1 GPU of NVIDIA RTX
3090 24GB. We conduct experiments with 4 different seeds.

Experimental settings for GPS and Graph-ViT. We use various benchmark datasets
to experiment with our GFSA on GPS [95] and Graph-ViT [144]: Peptide-func and Peptide-
struct from Long-Range Graph Benchmark (LRGB) [139], MNIST, CIFARI10, and ZINC
from Benchmarking GNNs [140], and Moltox21 and Molhiv from OGB [141]. We set all
hyperparameters of GPS and Graph-ViT to the values recommended in their respective papers
to ensure a fair comparison. To plug GFSA into GPS, we replace the self-attention module
of GPS with GFSA. For Graph-ViT, we apply GFSA instead of the Hadamard self-attention
mechanism and compare it with this self-attention method. We conduct experiments on GPS
and Graph-ViT in their open code frameworks for a fair comparison:

e GPS: https://github.com/rampasek/GraphGPS

e Graph-ViT: https://github.com/XiaoxinHe/Graph-ViT-MLPMixer

3.8.15 Code Defect Detection
3.8.15.1 Detailed Experimental Settings

Dataset. We use the Devign dataset provided by [147], which is a binary classification
task to evaluate whether a C language code is vulnerable to software systems or not.

Implementation. We build our experiments on top of the open-sourced code E| and recipes
provided by Wang et al. [150].

RoBERTa. RoBERTa [129] is an encoder-only model trained with masked language
modeling on code. All hyperparameters are consistent with the training method in the source
code of Wang et al. [150].

PLBART. PLBART [149] is an encoder-decoder model based on BART [175| architecture.
PLBART can support understanding and generation tasks. All hyperparameters are consistent
with the training method in the source code of Wang et al. [150].

Shttps://github.com/salesforce/CodeT5
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CodeBert. CodeBERT [148] is a model trained on masked language modeling and replaced
token detection. CodeBERT is a bimodal pretrained model based on the Transformer with 12
layers for programming language and natural language. All hyperparameters are consistent
with the training method in the source code of Wang et al. [150].

CodeT5. CodeT5 is an encoder-decoder framework with the same architecture as T5 [176].
It aims to derive generic representations for programming languages and natural languages
via pre-training on unlabeled source code. CodeT5-small has 6 encoder layers, 6 decoder
layers, 8 attention heads, 512-dimensional hidden states, and 60M parameters. The other
models have 12 encoder layers, 12 decoder layers, 12 attention heads, 768-dimensional hidden
states, and 220M parameters. All hyperparameters are consistent with the training method
in the source code of Wang et al. [150].

Training. The pre-trained models mentioned above are applied to this downstream task.
We add GFSA directly on top of self-attention. We fine-tune baselines and GFSA models
for 10 epochs with a batch size of 16. We use an early stopping strategy with a patience
of 2. Models generate binary labels from unigram sequences at the decoder for the defect
detection task. We employ accuracy when evaluating the code defect detection task. All
models are trained on 1 GPU of NVIDIA RTX A6000 48GB.

3.8.15.2 Case Study

In Listing 1, we show one of the cases for code snippets of defects in QEMU E] that CodeT5-
base does not predict correctly, but that only CodeT5-base+GFSA predicts. The commit
message ﬁ for this case is as follow:

Needed for changing cpu_has work() argument type to CPUState, used in
h_cede().

h_cede() is the hypercall that asks the hypervisor to shut down the CPU. Previously, this
hypercall passed the CPUID, so the hypervisor did not know what state the CPU was in.
This change allows the hypervisor to know whether the CPU is performing work. If the CPU
performs a task, the hypervisor waits for the CPU to complete the task.

In this context, accurately predicting defects like the one above is very important, and
applying GFSA to CodeT5-base helps in terms of performance improvement.

@@ -204,7 +204,7 Q@@ static target_ulong put_tce_emu(sPAPRTCETable *

tcet, target_ulong ioba,

"https://www.qemu.org
8https://github.com/qemu/qemu/commit/b13ce26d3e8c6682044ae84920f2417b30ce356b
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| , target_ulong opcode, target_ulong *

args)

6 target_ulong liobn = args[0];

7 target_ulong ioba = args[1];

8§ target_ulong tce = argsl[2];

9 VIOsPAPRDevice *dev = spapr_vio_find_by_reg(spapr->vio_bus, liobn);

10 VIOsPAPR_RTCE *rtce;

11 if (tdev) {

12 hcall_dprintf ("LIOBN Ox" TARGET_FMT_1lx " does not exist\n", liobn)

13 return H_PARAMETER;

14}

15 ioba &= ~“(SPAPR_VIO_TCE_PAGE_SIZE - 1);

16 #ifdef DEBUG_TCE

17 fprintf (stderr, "spapr_vio_put_tce on %s ioba Ox" TARGET_FMT_1x "
TCE Ox" TARGET_FMT_1x "\n", dev->qdev.id, ioba, tce);

18 #endif

19 if (ioba >= dev->rtce_window_size) {

20 hcall_dprintf ("Out-of-bounds IOBA Ox" TARGET_FMT_lx "\n", ioba);

21 return H_PARAMETER;

22 }

23 rtce = dev->rtce_table + (ioba >> SPAPR_VIO_TCE_PAGE_SHIFT);

24 rtce->tce = tce;

25 return H_SUCCESS;

Listing 3.1: An example commit history for defects in Devign dataset

3.8.15.3 Code Clone Detection

Dataset. Code clone detection aims to measure the similarity between two code snippets
and predict whether they have the same functionality. We experiment with the Java data
provided by Wang et al. [177].

Implementation. We build our experiments on top of the open-sourced code [ﬂ and recipes
provided by Wang et al. [150].

9nttps://github.com/salesforce/CodeT5
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Training. We fine-tune both CodeT5 and CodeT5+GFSA for one epoch with a batch size
16. We also use early stopping with a patience of 2. CodeT5 and CodeT5+GFSA encode
source code and take the representation to calculate the similarity of two code snippets. We
employ the F1 score to evaluate this task. All models are trained on 1 GPU of NVIDIA
RTX A6000 48GB.

Experiment Result. Table shows results comparing CodeT5 and CodeT5 with
GFSA. The result shows that by using our GFSA, CodeT5 models improve their performance.
CodeT5-small+GFSA provides a 0.61% improvement over Code5T-small.

Table. 3-19: Results on the code clone detection task

Method Clone F1
CodeT5-small [150] 94.36
CodeT5-small + GFSA 94.94 (1 0.61%)
CodeT5-base [150] 94.31
CodeT5-base + GFSA 94.92 (1 0.64%)

3.8.15.4 Time Complexity and Empirical Runtime Analysis

Time Complexity. The time complexity of the original self-attention is O(n?d). But our
GFSA has a high-order term. Therefore, the time complexity of GFSA has O(n?d + n?). If n
is smaller than d, the time complexity approaches O(n?d), which is the complexity of the
original self-attention.

Empirical Runtime Analysis. We report the training time of various methods with
GFSA in Tables [3-20] and 3-21] to [3-25] Generally, the training time of methods using GFSA is
slightly longer than that of existing methods. For example, the Transformer for the automatic

speech recognition task increases from 190.5 seconds to 191.6 seconds on the Librispeech 100h
dataset, as an increase of only 1 second. Instead of computing higher-order polynomial terms,
our GFSA approximates them, with only a small increase in runtime, which is insignificant.
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Table. 3-20: Training time (seconds per epoch) on GLUE tasks. s denotes the abbreviation
for second. Avg denotes the average training time across all tasks.

Datasets CoLA SST-2 MRPC QQP STS-B MNLI-m/mm QNLI RTE Avg
BERTgask [86] 17s  182s 17s 1483s 24s 2004 s 580s 18s b4ls
BERTBase + GFSA 19s 192s 19s 1571s 25s 2147s 621s 20s 577s
ALBERTgAsE [128] 15s 188s 20s 1506s 25s 2072s 612s 19s 557s
ALBERTgBase + GFSA 16s 197s 21s 1604s 26s 2219s 659s 21s 595s
RoBERTagase [129) 17s 190s 18s 1492s 25s 2012s 593s 18s 546s
RoBERTagasg + GFSA 19s 200s 19s 1580s 26s 2151s 634s 20s 581s

Table. 3-21: Training time (seconds per epoch) on causal language modeling tasks.

Method #Params PTB  WikiText-2 WikiText-103 Avg
GPT?2 [8§] 117TM 89.1s 195.7s 9638.4s 3307.8s
GPT2 + GFSA 117TM 160.3s 354.2s 17424.6s 5979.7s

Table. 3-22: Training time (seconds per epoch) on ImageNet-1k

Backbone Method #Layers #Params #FLOPs #Throughput Runtime

DeiT-S 12 22.0M 4.57G 856.07 551s

DeiT DeiT-S + GFSA 12 22.0M 4.57G 614.54 814s
DeiT-S 24 43.3M 9.09G 423.68 1508s

DeiT-S + GFSA 24 43.3M 9.10G 314.75 1798s

CaiT CaiT-S 24 46.9M 9.34G 574.66 1530s
& CaiT-S + GFSA 24 A7.0M  9.34G 406.96 16245
Swin Swin-S 24 49.6M 8.75G 912.38 1897s
Swin-S + GFSA 24 49.6M 8.75G 714.60 1970s

Table. 3-23: Training time (seconds per epoch) on graph-level tasks

Method

ZINC PCQMAM PCQM4Mv2

Graphormer [143]

Graphormer + GFSA

9s
9s

740s
8965

817s
9555

Table. 3-24: Training time (seconds per epoch) on LibriSpeech datasets

Method LibriSpeech 100h LibriSpeech 960h
Transformer 190.5s 3049.3s
Transformer + GFSA 191.6s 3398.4s
Branchformer [97] 248.5s 4990.1s
Branchformer + GFSA 254.3s 4999.3s
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Table. 3-25: Training time (seconds per epoch) on the code defect prediction task

Method Runtime
RoBERTa [129)] 543.96s
RoBERTa + GFSA 537.79s
CodeBERT [148] 555.28s
CodeBERT + GFSA 561.43s
PLBART (149 467.80s
PLBART + GFSA 470.19s
CodeT5-small [150] 301.11s
CodeT5-small + GFSA 309.04s
CodeT5-base [150] 362.28s
CodeT5-base + GFSA 373.22s
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3.8.16 Inference Time Analysis

We report the inference time of various methods with GFSA in Tables [3-26] to [3-31}

Table. 3-26: Inference time on GLUE tasks. s denotes the abbreviation for second. Avg
denotes the average training time across all tasks.

Datasets #Params CoLA SST-2 MRPC QQP STS-B MNLI-m/mm QNLI RTE Avg
BERTBasE [86] 110M 1.0s 1.4s 1.2s 48.7s 1.9s 15.5s 10.1s 1.2s 10.0s
BERTgaAse + GFSA 110M 1.1s 1.4s 1.2s 52.3s 2.0s 16.8s 11.0s 1.3s 11.0s
ALBERTEasE [128] 11M 1.1s 1.6s 1.4s 58.4s 2.2s 18.4s 12.1s 1.3s 12.0s
ALBERTEase + GFSA 11M 1.2s 1.7s 1.4s 62.1s 2.3s 19.7s 13.1s 1.4s 13.0s
RoBERTagase [129) 125M 1.0s 1.4s 1.1s 47.0s 1.9s 15.0s 9.9s 1.2s 10.0s
RoBERTagase + GFSA 125M 1.1s 1.4s 1.2s 50.4s 2.0s 16.3s 10.8s 1.2s 11.0s

Table. 3-27: Inference time on causal language modeling tasks.

Method #Params PTB  WikiText-2  WikiText-103  Avg
GPT?2 [8§] 117 3.2s 74s 7.4s 6.0s
GPT2 + GFSA 117 5.5s 12.9s 12.9s 10.4s

Table. 3-28: Inference time on ImageNet-1k

Backbone Method #Layers Inference Time
DeiT-S 12 525
DeiT DeiT-S + GFSA 12 53s
o DeiT-S 24 685
DeiT-S + GFSA 24 695
CaiT CaiT-S 24 105s
! CaiT-S + GFSA 24 107s
Swi Swin-S 24 17s
win Swin-S + GFSA 2% 17s

Table. 3-29: Inference time on graph-level tasks

Method ZINC  PCQM4M  PCQM4Mv2
Graphormer [143] 8s 99s 31s
Graphormer + GFSA 8s 117s 29s
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Table. 3-30: Inference time on LibriSpeech datasets

Method LibriSpeech 100h LibriSpeech 960h
Transformer 328.1s 323.7s
Transformer + GFSA 329.5s 343.3s
Branchformer 299.4s 328.7s
Branchformer + GFSA 305.5s 354.1s

Table. 3-31: Inference time on the code defect prediction task

Method Inference Time
RoBERTa \| 22.4s
RoBERTa + GFSA 23.9s
CodeBERT |\ 23.8s
CodeBERT + GFSA 24.1s
PLBART |[149)] 37.7s
PLBART + GFSA 39.3s
CodeT5-small [150] 78.2s
CodeT5-small + GFSA 82.5s
CodeT5-base \\ 83.2s
CodeTb5-base + GFSA 88.5s
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3.8.17 Results of the Strategy for Efficiency

In Tables [3-32] to [3-36] the results show that this strategy can reduce the increase in runtime
and maintain performance compared to using GFSA for all layers.

Table. 3-32: Comparison of performance using GFSA on all layers vs. GFSAge, on even
layers for GLUE tasks

Datasets #Params CoLA SST-2 MRPC QQP STS-B MNLI-m/mm QNLI RTE Avg
BERTgpask [86] 110M  56.79 93.81 88.70 88.32 88.16 84.96/84.15 91.63 66.06 82.51
+ GFSA 110M  59.56 94.15 90.60 88.46 88.33 85.12/85.06 91.95 68.95 83.58

+ GFSAcven 110M  58.80 93.69 90.50 88.47 88.27 85.13/85.02 91.65 70.76 83.59

Table. 3-33: Comparison of training time (seconds per epoch) using GFSA on all layers vs.
GFSAcyen on even layers for GLUE tasks

Datasets #Params CoLA SST-2 MRPC QQP STS-B MNLI-m/mm QNLI RTE Avg
BERTgAse [86] 110M  17s  182s 17s 1483s 24s 2004s  580s 18s 54ls
+ GFSA 110M  19s 192s 19s 1571s 25s 2147s  621s 20s 577s
+ GFSAeven  110M  17s 185s 18s 1506s 24s 2061s 5955 18s 553s

Table. 3-34: Comparison of performance using GFSA on all layers vs. GFSAge, on even
layers for causal language modeling tasks

Method #Params PTB  WikiText-2 WikiText-103  Avg
GPT?2 [8§] 117™M 19.513 20.966 15.939 18.806
+ GFSA 117™M 19.450 20.923 15.919 18.764
+ GFSAcven 117™M 19.453 20.926 15.923 18.767

Table. 3-35: Comparison of training time (seconds per epoch) using GFSA on all layers vs.
GFSAcyen on even layers for causal language modeling tasks

Method #Params PTB  WikiText-2 WikiText-103 Avg

GPT2 [88] 117M 89.1s 195.7s 9638.4s 3307.8s
+ GFSA 117TM 160.3s 354.2s 17424.6s 5979.7s
+ GFSAcven 117TM 127.4s 279.1s 13761.4s 4722.6s
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Table. 3-36: Comparison of using GFSA on all layers vs. GFSAqyen On even layers for
ImageNet-1k

Method Input Size #Layers #Params Top-1 Acc Runtime
DeiT-S 224 12 43M 79.8 551s
+ GFSA 224 12 43M 81.1 814s
+ GFSAcven 224 12 43M 81.0 5955

3.8.18 GFSA in Linear Transformers

Table shows the accuracy, runtime, and GPU usage results on Long Range Arena
benchmark using ListOps and Image datasets.

Table. 3-37: Comparison of accuracy (%), runtime (s per 1,000 steps) and GPU usage (GB)
on Long Range Arena benchmark

Method ListOps (2K) Image (4K)
Accuracy Runtime GPU usage Accuracy Runtime GPU usage

Transformer [64] 37.1 198.3 5.50 38.2 345.1 5.88
Transformer+GFSA 37.6 635.8 10.87 40.2 737.2 11.20
Linformer [178] 37.3 63.4 1.73 37.8 158.5 3.45
YOSO-E [179] 37.3 85.7 0.37 39.8 114.2 1.42
Effic. Attention [152] 36.9 49.2 0.57 40.2 121.1 1.14
Effic. Attention + GFSA  37.9 53.8 0.67 40.4 135.8 1.33
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Chapter 4

Over-squashing I

Recent research in the field of GNN has identified a critical issue known as “over-squashing,”
resulting from the bottleneck phenomenon in graph structures, which impedes the propagation
of long-range information. Previous works have proposed a variety of graph rewiring concepts
that aim to optimize the spatial or spectral properties of graphs to promote signal propagation.
However, such approaches inevitably deteriorate the original graph topology, which may
lead to distortion of the information flow. To address this, we introduce an expanded
width-aware (PANDA) message passing, a new message passing paradigm where nodes with
high centrality, a potential source of over-squashing, are selectively expanded in width to
encapsulate the growing influx of signals from distant nodes. Experimental results show that
our method outperforms existing rewiring methods, suggesting that selectively expanding
the hidden state of nodes can be a compelling alternative to graph rewiring for addressing
the over-squashing.
The materials in this chapter have been published in Choi et al. [180].

4.1 Motivation

Graph Neural Networks (GNNs) have emerged as a powerful tool for graph data processing.
They are being studied extensively in various domains, as evidenced by significant research
contributions [24} 23| 26| |27, [5l 34} |60, (181} [15], 182} [183]. A key subclass within GNNs is
Message Passing Neural Networks (MPNNs), which excel in propagating information through
neighbouring nodes. As MPNNs propagate only for a 1-hop distance within a single layer,
long-range interactions can only be captured when the depth of the network is comparable to
the distance. However, increasing the number of layers for capturing long-range dependencies
results in exponential growth of the receptive field and excessive aggregations of repeated
messages that are subsequently packed into a feature vector of fixed length, which causes
the problem called “over-squashing” [10| |184]. This phenomenon severely decreases the
expressivity of the networks, and thus impairs the model’s performance. Previous studies
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Community A Community B

(a) Molecular graph (b) Social graph

Figure. 4-1: Potential pitfalls of rewiring in domain-specific graphs: (a) In a molecular graph,
rewiring the edge in red to a benzene ring violates the domain knowledge. (b) In a social
graph, connecting a user to his/her enemy may lead to a totally different meaning.
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Figure. 4-2: Comparison of resistance correlation and mean accuracy across different methods
for GCN. A large negative correlation reflects that a higher total effective resistance is
associated with reduced signal propagation (see Section [4.4)).

have attempted to identify topological bottlenecks in a graph and directly modify graph
connectivity with various optimization targets, including curvature, effective resistance, and

spectral gap (10, 155, 156, 157 (1581 [12 (59, 000, 191, 162, (193, 19,

Limitations of current rewiring methods. Existing rewiring methods that alter the
graph topology to resolve over-squashing, while potentially beneficial, can inadvertently
introduce inaccuracies within domain-specific contexts. Figure demonstrates how
modifying the molecular graph of a benzene ring could contradict chemical principles. In
contrast, Figure reveals that rewiring in social networks has the potential to distort
the underlying community structures. These examples highlight the necessity to preserve the
original graph structure to maintain the validity of domain-specific semantic information.
A number of studies have attempted to identify the various factors associated with over-
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Figure. 4-3: Examples of PANDA’s message passing mechanism. The size of the node indicates
the size of the hidden dimension.

squashing through the lens of sensitivity analysis of the Jacobian of node features [185] |14].
As one of these trials, Di Giovanni et al. [14], an insightful analytical paper, provides a
theoretical justification that increasing the width of the model (i.e., hidden dimension) can
also contribute to improving the sensitivity of the model. However, it points out a significant
concern regarding expanding the width of the model to address over-squashing; increasing
the hidden dimension globally affects the whole network at the expense of the generalization
capacity of the model.

Inspired by the limitations of existing rewiring methods and the promising role of width
expansion for addressing the over-squashing, our object is to design a novel message passing
paradigm that mitigates the over-squashing by targeting the nodes that are mainly involved
in creating bottlenecks in the signal flow and selectively expanding their width without
risking a change in the underlying graph topology.

Main idea. It is possible to define graph bottlenecks as nodes with high centrality, such as
betweenness centrality [195] [185]. Nodes with high centrality can show hub-like behavior in
that they connect to a relatively larger set of nodes lying on different parts of the graph,
thus receiving excessive information from them. Increasing the width of the feature vector of
these nodes provides more space for them to process information flowing from other nodes.
Then, we can take advantage of their enhanced capacities to alleviate over-squashing. This
requires exchanging messages between nodes with different hidden dimensions. This raises a
natural question:

“Is it possible to design a message passing that enables information exchange between
nodes with different widths only in a way that mitigates over-squashing without rewiring?”

We propose a new message passing framework that addresses the above question. First,
the entire node set is divided into two subsets, expanded and non-expanded nodes, which are
colored in red () and blue (), respectively in Figure Then, we classify four different
edge types depending on the expansion state of the nodes at the source (edge tail) and target
(edge head) positions: low-to-low, high-to-high, low-to-high, and high-to-low. Each edge type
requires a distinct message passing scheme.

The standard message passing between nodes with equal widths corresponds to the

conventional message passing (see Figures4.3(b)|and [4.3(c)]). For high-to-low message passing

(see Figure [4.3(d)]), a low-dimensional node selects and receives a subset of the information
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sent by a high-dimensional node. The low-to-high message passing involves augmenting the
hidden vectors of low-dimensional nodes to match the higher dimension size for propagation
(see Figure [£.3(e)).

Our framework can potentially enhance the capacity of nodes from the perspective of signal
propagation. As shown in Figure f-2] our framework maintains constant signal propagation
w.r.t. effective resistance and simultaneously improves the accuracy compared to the existing
rewiring methods. We use the correlation coefficient to quantify how signal propagation
decreases as effective resistance increases.

Contributions and outline. We introduce an expanded width-aware message passing
(PANDA)EI7 a novel paradigm for message passing with expanded widths for nodes that are
potentially bottlenecks. Our contributions can be summarized as follows:

e In Section we propose PANDA that enables the signal propagation across the
nodes of different widths.

e In Section[4.4] we discuss how our PANDA can alleviate over-squashing in terms of
various perspectives. Verifying a higher feature sensitivity compared to other models,
we show PANDA can overcome the topological bottleneck, maintaining consistent
signal propagation even under large effective resistance. Finally, we show that our
method solves the limitation of existing rewiring methods, e.g., over-smoothing.

e In Section 4.5 we empirically demonstrate that our PANDA outperforms existing

rewiring methods.

4.2 Preliminaries

We first examine the notation used in this paper. Given a graph G = (V, ), we use V and
£ to denote its nodes and edges, respectively. The nodes are indexed by v and u such that
v,u € V, and an edge connecting nodes v and u is denoted by (v,u) € £. The connectivity
is encoded in the adjacency matrix A € R™*™ where n is the number of nodes. p denotes
the width (hidden dimension size), while ¢ is the number of layers. The feature of node v at

layer / is written as hg,”l).

LOur source code is available here: https://github.com/jeongwhanchoi/pandal
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4.2.1 Message Passing Neural Networks

We consider the case where each node v has a feature hSJO) € RP. MPNNs iteratively update
node representations using the following equations:

m(® = O ({h) : u e N(v)}),
B+ = 6O m, m?). (4.2)

v

where mq(f) is the aggregated node feature of v’s neighbourhood. The aggregation function

¥ and the update function ¢*) are learnable, and their different definitions result in
different architectures |22} [196) 23]. By default, all nodes have the same hidden dimension
size. We will introduce a method that enables message passing among nodes with different
hidden dimensions in Section

4.2.2 Over-squashing Problem

Initially identified by Alon and Yahav [10], over-squashing has become a significant challenge
in GNNs when dealing with long-range dependencies. It mainly occurs when the information
aggregated from too many neighbours is squashed into a fixed-sized node feature vector,
resulting in a substantial loss of information [184]. We will review the literature, including
rewiring methods, to address this problem, in Section We now describe the Jacobian
sensitivity and effective resistance widely used to estimate the over-squashing. In Section [4.4]
we justify our method in terms of the two metrics.

Sensitivity bound. Recent theoretical insights on GNNs have provided a formal under-
standing of over-squashing via the lens of the sensitivity analysis [185]. The sensitivity bound
theorem, as proposed by [14, Theorm 3.2], posits that the impact of over-squashing can be
quantified by examining the following 3 factors: i) the Lipschitz continuity of the non-linearity
in the model, ii) the width of the model, and iii) the topology of a graph. The sensitivity of
h&“ to h&o), assuming that there exists a f-path between nodes v and u, is bounded by

oy ¢t
8h(°) < (zwp)” (8%)vu - (4.3)
“ 1 model  topology

The impact of the model to over-squashing is bounded by the Lipschitz constant z, the width
p, and the maximum weight w, while the topology of an input graph affects the sensitivity
by ¢-th power of the graph shift matrix S. Hereinafter, S can be any (normalized) adjacency
matrix (with self-loops).

A small Jacobian norm indicates that the final representations of a node learned by a
model are not much affected by the variations in its neighbouring inputs, implying that the
network suffers from over-squashing. This condition typically arises when the information
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has not been sufficiently propagated over the graph due to the excessive aggregation of
information, i.e., compression into a small hidden vector, through several layers of message
passing.

Effective resistance and signal propagation. Derived from the field of electrical
engineering, the effective resistance between two nodes u and v in an electrical network is
defined as the potential difference induced across the edges when a unit current is injected
at one of the ends [197]. The effective resistance between the nodes v and v in the graph is
given by

Ru,u - (1u - lv)TL+(1u - 171)7 (44)

where 1, and 1, are indicator vectors for node u and v, respectively. Rayleigh’s monotonicity
principle, which says that adding paths or shortening existing paths can only decrease the
effective resistance between two nodes [198], leads to the following interpretation: more
and shorter disjoint paths connecting the nodes v and v lead to a lower resistance between
them [189 [199]. Therefore, edges with high effective resistance struggle to propagate informa-
tion, creating bottlenecks. Total effective resistance, Ry, is defined as the sum of effective
resistance between all pairs of nodes [197 [189):

1
Rt = ZRu,v = nTr(LJr) = nZ y, (45)

u>v 7

where ); is the i-th eigenvalues of L and LT is the pseudo-inverse of L. Ry is a key measure
for measuring the overall degree of over-squashing in a graph. It is known that the signal
propagation of GNNs is inversely proportional to Rs [14], which will be covered in detail in
Section with a comparison to our method.

Over-smoothing problem. Over-smoothing is another well-known problem that reduces
the expressiveness of GNNs in deeper layers, resulting in a loss of discriminative power in the
representation of node features [45| [81) |8]. Rewiring methods to address the over-squashing
problem focus on improving graph connectivity to ease the signal flow. However, one limitation
of the rewiring method is that adding too many edges potentially leads to the over-smoothing
issue [12]. To explore this trade-off between over-squashing and over-smoothing, FoSR [12]
analyzes the change in Dirichlet energy upon adding edges. Their results demonstrate that
rewiring the graph to enhance information propagation leads to the over-smoothing problem.

4.3 Proposed Method

We first introduce our motivation and design rationale. We then propose our PANDA
message-passing framework.
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4.3.1 Motivation and Design Rationale

Sensitivity bound. Our design rationale is anchored in the insight derived from the
sensitivity bound theorem [14, Theorem 3.2]. Given the sensitivity bound in Equation ,
we consider two scenarios: one with a standard width p and the other with an increased
width prigh, where phigh > p. For nodes with the increased width, the sensitivity bound is
improved, demonstrating a potentially higher sensitivity to input features. Regarding this,
we provide a Proposition in Section 4] and show empirical results well aligned with
our argument in Section We do not increase the width of all nodes, but selectively.

Design rationale for selecting node centrality. We consider node centrality metrics
to identify a node as a potential source of the bottleneck in a graph. Betweenness centrality
has been considered as a significant indicator of the bottleneck, which measures the number
of shortest paths going through a node [200]. The more frequently a node appears on the
shortest paths of pairs of different nodes, the more likely it is to cause the bottleneck |185|
Definition 9.]. However, a hub-like node with inter-community edges also has eccentric
properties that differ from those of the high betweenness centrality node, such as a high
degree. We apply various centrality metrics in our framework to understand how each is
related to the over-squashing problem. Section describes the centralities we consider.

4.3.2 Expanded Width-Aware Message Passing

Node expansion criteria. In our proposed method, we stratify nodes into two categories:
low-dimensional nodes (( ) and high-dimensional nodes (O)) (see Figure . This strati-
fication is based on a specific centrality that quantifies the importance of each node. The
centrality, denoted as C(G), can be one of the following: degree [201], betweenness [200],
closeness [202], PageRank [203], or load centrality [204]. We represent the centrality values
for all nodes as a vector ¢ € R™ and then sort the elements of ¢ in descending order. Based
on the sorted ¢, we select the top-k nodes, resulting in a binary mask vector, b € {0,1}™:

b, = (4.6)

1 if v is among the top k nodes in c,
0 otherwise.

Define subsets of neighbourhoods. Based on a centrality measure, we define four
subsets of neighbouring nodes. For a node v classified as low-dimensional, denoted by b, = 0:

Aflow(—ﬂow(”) = {’LL € N(U) | b, =0Ab, = O}’ (47)
Nhithlow(IU) = {U S N(’U) | b, =0Ab, = 1}
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Figure. 4-4: Our proposed PANDA message passing framework. First, we selectively expand
widths (i.e., hidden dimension sizes) according to a centrality in G, and our PANDA message
passing enables signal propagation among nodes with different widths (C) low-dimensional
nodes and () high-dimensional nodes).

In addition, for a node v classified as high-dimensional:

Nhigh@high(v) = {u S N(U) | b, =1Ab, = 1}, (4.9)
NMow-—high(v) = {u € N(v) | b, =1 A b, =0}. (4.10)

The comprehensive union of these subsets across all nodes in ¥V encompasses the entire
edge set &, thereby preserving the original graph structure.

A new framework: PANDA message passing. The main contribution of our framework
is that, given any MPNNs, we can make them work with different widths for nodes. To this
end, we replace the standard neighbour aggregator 1) with 4 different aggregators, each
applied to the corresponding type of neighbours: 1/1@, 1/1@, 1/1(_?, and 1/)@ . Then, we use a
common update function for all types. The final message passed from layer ¢ to layer ¢+ 1 is
defined as follows:

m{), = 0O ({hY : u € NMoworiow(v)}), (4.11)
m{’L, = (Y : u € Mignonign(v)}), (4.12)
m{), = O {F0Y) : u € Mow—nign(v)}), (4.13)
m{.. = ¢ ({g(n? D) : u € Mighoion(v)}), (4.14)
hffﬂ) _ ¢>(h“) m® m ( )

I e R R

© m® ).

mv,~»7 mv,>—>

Each aggregator wff) is tailored to handle a specific type of interaction among nodes. In
Equation (4.15)), the hidden vector of a node v is updated from the four messages. For
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instance, 1/1(_?(-) and w(i)(') are designed for interactions with different widths by using
functions f(-) and g(+).
f(+) is a linear transformation that projects node features to the expanded dimensional

space and is defined as:
F0) = WPIn, (4.16)

u

where W(fe) € RPrien*P_ For w(i) (), we define g(-) as a dimension selector as follows:

g(hgf), hgf)) := gather (hg), topk(s, p)) , (4.17)
s = softmax (a (n(hg) ® th)))) ) (4.18)

where 7 is a non-linear neural network that computes a score vector s € RPrish that gives the
relative significance of each dimension for each message. This score vector is then used to
select the top p dimensions for the message aggregation.

In our PANDA, it is important to emphasize that nodes with low and high-dimensional
features are processed in their respective dimensional spaces throughout the network layers.
This means that until the final layer, these nodes maintain their distinct dimensionalities.

Instance of our framework. To better understand our framework, we show how to
integrate PANDA into two classical MPNNs: GCN [22] and GIN [196]. We will use these
variations for our experiments. For the PANDA-GCN variant, the layer-update is expressed
as follows for low and high-dimensional nodes. First, if the node v is low-dimensional:
041) _ (2 (0 [
h1()+)7h1(})+0<z dudq)WIOW )+Z / low

UEMiow—»high (v

g, n)),  (4.19)

UENow e+ low (V)
then if node v is high—dimensional:

B =hY) oY

uEM\ighﬁhigh (v)

O+ Wi ), (4.20)

dUdv uej\/hlgh»—dow(v) dUdv

where ¢ is a ReLU activation function, W( ) € RP*P and W(lgh € RPhizh XPhieh are the weight
matrices. The messages are normalized by thelr degrees, d, and d,,.
For the PANDA-GIN variant, we define the layer-update of PANDA-GIN. If the node v is

low-dimensional:

h(e+D) — MLpffgv(a +or? +3 nP+ Y g(hff),hq(f))), (4.21)

UEN ow o low (7)) 1L€M]igh>—>low (v)

where MLP'")

low

parameter. For the high-dimensional nodes, the layer-update is defined as follows:

¢
h( = MLP(), ((1 +ohl? +> h+ Y f(hff)))- (4.22)

ue-/\/hig11<:>high (v) uEMowwhigh (v)

is one or more linear layers separated by ReLLU activation and € is a weight
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Implementation. For implementation, the hidden vectors of different widths are separated
and entered into the layer. These low and high-dimensional nodes are output with the same
dimension in the last layer and integrated again.

4.3.3 Properties of PANDA

Directivity. Nodes with an equal width remain undirected, while edges among nodes
with different widths can be directed. w(_{) and w(ﬁ,) have independent sets of parameters
— Equations and have different weight parameters for low-dimensional and
high-dimensional nodes. By ensuring the directivity only for edges with different widths, our
method can be more expressive than its undirected counterpart (205, Theorems 4.1 and 4.2].

Relational graph. Our PANDA can be considered as a relational graph convolutional
network (R-GCN) [206] applied to an augmented relational graph that incorporates two types
of relations. Not only is message propagation performed according to the relationship of the
neighbour set, but different weight matrices are also used for low-dim nodes and high-dim
nodes, as mentioned earlier. In this sense, our PANDA is similar to R-GCN. However,
R-GCN is not a model designed to alleviate over-squashing.

Computational complexity. Compared to existing rewiring methods, PANDA adds
complexity from centrality calculation and 4 different message passings instead of graph
rewiring. The specific complexity depends on the algorithm used to calculate centrality. For
example, the time complexity of degree centrality is O(|€]), and for betweenness centrality it
is O(|V|?). We will discuss the empirical runtime of PANDA in Section

4.4 Why Does PANDA Mitigate Over-squashing?

This section discusses why our PANDA alleviates over-squashing from empirical perspectives,
i.e., feature sensitivity, signal propagation, and Dirichlet energy.

Empirical sensitivity analysis. To verify that our method improves the feature sensitivity
among nodes, we analyze the sensitivity given by Equation on benchmark datasets. As
shown in Figure the sensitivity improves as the width p increases. Our method benefits
from selectively having 64 and 128-dimensional nodes, yielding sensitivity that lies between
these two dimensions — 16.7% of nodes have 128 dimensions in Figure As shown in
Figure compared to other rewiring techniques, PANDA shows higher sensitivity that is
maintained even in deeper layers, while others exhibit decreasing trends.

Theoretical sensitivity analysis. We provide a proposition based on Equation (4.3]) that
the introduction can alleviate over-squashing.
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Figure. 4-5: Empirical sensitivity w.r.t p across layers for GCN on all datasets.

15 2.5
— 1 None 1.4 # None
D 4 SDRF bt 4 SDRF
=20 ¥ FoSR S12 ¥ FoSR
1.0 # None ; ® PANDA ; ® PANDA
4 SDRF 1.5 10
¥ FoSR 2 = H
PANDA | & . m-y e =
0.5 hd 21.0 “"x“=—"~\ N | 208
@ X @
0} Sge Y| W
[ e B o B U N TA] 06
1 2 3 4 5 6 17 1 2 3 4 5 6 7
Layer Layer
(a) REDDIT-BINARY (b) IMDB-BINARY
25 # None —~4 # None s
4 SDRF ™| 4 SDRF M
50 ¥ FoSR < | ¥ FoSR [ al 215
Ul @ PANDA >3 @ PANDA 7 a| >
2 v 2
1.5 = Tl F10
c2 c
(] (]
(%] %]
1.0 1 0.5
Layer
(d) ENZYMES (e) PROTEINS (f) CoLLaB

Figure. 4-6: Empirical sensitivity w.r.t methods across layers for GCN on all datasets.
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Proposition 4.4.1 (Informal). Given the sensitivity bound in Equation , we consider
two scenarios: one with a standard width p and the other with an increased width puign, where
Dhigh > P. For nodes with increased width, the sensitivity bound is augmented, demonstrating
a potentially higher sensitivity to input features:

This increased sensitivity can potentially reduce over-squashing, facilitating better signal

on?

< (zwp)* (8°),,, < (zwpnign)’ (S°)

vu

propagation.

Proposition provides the theoretical foundation for our approach. We are inspired by
the insights gained from increasing the upper bound with increased width, but we emphasize
that we do not increase the width of all nodes, but rather selectively.

Signal propagation w.r.t. effective resistance. Di Giovanni et al. |[14] provide an
empirical evidence that the information propagation of general GNNs is inversely proportional
to the total effective resistance Ry.:, which motivates us to check if our PANDA maintains
the magnitude of signal flow in a graph with high R;,;. We further analyze whether the
signal flow improves after applying various rewiring methods. The detailed setting on the
analysis is in Section [4.9.1

In Figure [£-7] all methods except PANDA present decaying signal propagation trends as
the resistance of graphs increases. In contrast, PANDA shows consistent signal propagation
even for graphs with higher effective resistance. To verify the linear relationship between
total effective resistance and signal propagation, we also quantify the correlation coefficient
between them in Figure [4-2] This result demonstrates the powerful effect of the width
expansion in mitigating the over-squashing problem. Our PANDA maintains continuous
information flows even under high bottleneck conditions, which cannot be overcome even by
the direct modification of graph topology through various rewiring strategies.

Trade-off between rewiring and over-smoothing. As mentioned in Section
graph rewiring can cause over-smoothing. Since PANDA does not modify the original graph
connectivity, we analyze whether our method can avoid the over-smoothing problem induced
by graph rewiring using the Dirichlet energy as a measure of over-smoothing. The theoretical
relation between Dirichlet energy and over-smoothing is given in Section Figure
compares the Dirichlet energies of the final hidden representations learned from GCN and
GIN, having both a rewiring technique and PANDA. The result shows that PANDA
yields a higher Dirichlet energy for both GCN and GIN compared to others, highlighting
the strength of our model, mitigating the over-squashing while preserving the original graph

connectivity.
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Figure. 4-7: The amount of signal propagated across the graph w.r.t. the normalized total
effective resistance (Ry,) for all datasets.

4.5 Experiments

In this section, we empirically verify that PANDA can significantly improve the performance
of GNN over other rewiring methods. We experiment with graph classification and node
classification, as well as tasks on Long-Range Graph Benchmark (LRGB) [139]. We cover
the experiments on TUDataset in the main content and the node classification task
and LRGB dataset in Section [£.9.5] and Section [£.9.61
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Figure. 4-8: Dirichlet energy of baselines and PANDA.

Datasets. For graph classification, we consider the REDDIT-BINARY (2,000 graphs), IMDB-
BINARY (1,000 graphs), MuTAG (188 graphs), ENZYMES (600 graphs), PROTEINS (1,113
graphs), and CoLLAB (5.000 graphs) tasks from TUDatasets . These datasets were
chosen by Karhadkar et al. , under the claim that they require long-range interactions.

Experimental setting. For graph classification, we compare PANDA to no graph
rewiring and 7 other state-of-the-art rewiring methods:

e DIGL: Diffusion Improves Graph Learning (DIGL) [11] is a diffusion-based rewiring
scheme that computes a kernel evaluation of the adjacency matrix, followed by sparsifi-
cation.

e SDRF: Stochastic Discrete Ricci Flow (SDRF) [185] surgically rewires a graph by adding
edges to support other edges with low curvature, which are locations of bottlenecks.
For SDRF, we include results for both the original method (configured to only add
edges), and our relational method (again only add edges and include the added edges
with their own relation).

e FA: Fully adjacent (FA) layers
include results for rewiring only the last layer (last layer FA) and every layer (every
layer FA).

10] rewire the graph by adding all possible edges. We
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e FOSR: First-order Spectral Rewiring (FoSR) [|12] is a graph rewiring method for
preventing over-squashing based on iterative first-order maximization of the spectral

gap.

e BORF: Batch Ollivier-Ricci Flow (BORF) [12] is a novel curvature-based rewiring
method designed to mitigate the over-smoothing and over-squashing issues simultane-
ously.

e GTR: Greedy Total Resistance (GTR) [189] is a rewiring method based on total
effective resistance.

e CT-Layer. Commute Time (CT)-Layer [188] is a method that learns the commute
time and rewires the input graph accordingly. In case of CT-Layer, we isolated the
CT-Layer that consists of CT pooling and CT rewiring steps from the DiffWire [188],
where the input graph is rewired and re-weighted based on the learnable commute time
embeddings. Then we subsequently add a series of GCN and GIN layers identical to
the ones used in other rewiring methods and PANDA..

In our experiments, we prioritize fairness and comprehensiveness rather than aiming to
obtain the best possible performance for each dataset. For backbone GNNs, we use GCN,
GIN [196], R-GCN [206], and R-GIN [208]. To faithfully compare the performance of the
rewiring techniques, we follow the same setting as in Karhadkar et al. [12]. Each configuration
is evaluated using the validation set. The testset accuracy of the configuration with the best
validation performance is then recorded. For each experiment, we accumulate the result in 100
random trials with an 80%/10%/10% train/val/test split and report the mean test accuracy,
along with the 95% confidence interval. Further experiment details are in Section m

Performance comparison results of general GNNs and PANDA. Table[{-I]shows the
results of different methods applied to the GCN and GIN models across benchmark datasets.
Our PANDA method shows the highest accuracy across most of the datasets for both
models, significantly outperforming the baseline and other rewiring methods. Surprisingly, for
REDDIT-BINARY, our PANDA shows a substantial 22.30% improvement over the baseline
method. In particular, in the case of BORF, it is impractical to evaluate for REDDIT-BINARY
and COLLAB due to the rewiring time. In the case of GIN, our PANDA also leads to the
highest accuracies, with 91.055 on REDDIT-BINARY and 88.75 on MUTAG. These results
underscore the effectiveness of our PANDA in enhancing the performance of GNN.

Performance comparison results of relational GNNs and PANDA. Considering
the similarities between PANDA-GCN and R-GCN discussed in the previous section, we
empirically evaluate their performance. Table shows the experimental results for R-GCN
and R-GIN. Our PANDA method shows the highest accuracy on most datasets for both
R-GCN and R-GIN, significantly outperforming the baseline and other rewiring methods. For

86



Table. 4-1: Results of PANDA and baselines for GCN and GIN. We show the best three in
red (first), blue (second), and purple (third).

Method REDDIT-BINARY IMDB-BINARY MUTAG ENzyMES PROTEINS COLLAB

GCN 68.255+1.098 49.770+0.817 72.150+2.442 27.667+1.164 70.982+0.737 33.784+0.488
+ Last-FA 68.485+0.945 48.980+0.945 70.050+2.027 26.467+1.204 71.018+0.963 33.320+0.435
+ Every-FA  48.490+1.044 48.17040.801  70.450+1.960 18.333+1.038 60.036+0.925 51.798+0.419
+ DIGL 49.980-+0.680 49.910+0.841  71.350+2.391 27.517+1.053 70.607+0.731 15.530+0.294
+ SDRF 68.620+0.851 49.400+0.904 71.050+1.872 28.367+1.174 70.920+0.792 33.448+0.472
+ FoSR 70.330+0.727 49.660+0.864 80.000+1.574 25.067+0.994 73.420+0.811 33.836+0.584
+ BORF Time-out 50.100+0.900 75.800+1.900 24.700+1.000 71.000+0.800 Time-out

+ GTR 68.990+0.610 49.920+0.990 79.100+1.860 27.52040.990 72.590+2.480 33.050+0.400
+ CT-Layer 51.580+1.019 50.320+0.944 75.899+3.024 17.383+1.030 60.357+1.060 52.146+0.415
+ PANDA 80.690+0.721 63.760+1.012 85.750+1.396 31.550+1.230 76.000+0.774 68.400+0.452
GIN 86.785+1.056 70.180+0.992 77.700+0.360 33.800+0.115 70.804+0.827 72.992+0.384
+ Last-FA 90.220+0.475 70.910+0.788 83.450+1.742 47.400+1.387 72.304+0.666 75.056+0.406
+ Every-FA  50.360+0.684 49.160+0.870 72.550+3.016 28.383+1.052 70.375+0.910 32.984+0.390
+ DIGL 76.035+0.774 64.390+0.907 79.700+2.150 35.717+1.198 70.759+0.774 54.504+0.410
+ SDRF 86.440+0.590 69.720+1.152  78.400+2.803 35.817+1.094 69.813+0.792 72.958+0.419
+ FoSR 87.350+0.598 71.210+0.919 78.400+2.803 29.200+1.367 75.107+0.817 73.278+0.416
+ BORF Time-out 71.300+1.500 80.800+2.500 35.500+1.200 74.200+0.800 Time-out

+ GTR 86.980+0.660 71.280+0.860 77.600+2.840 30.570+1.420 73.130+0.690 72.930+0.420
+ CT-Layer 54.589+1.757 50.000+0.974 56.850+4.253 16.583+0.907 61.107+1.184 52.304+0.605
+ PANDA 91.055+0.402 72.560+0.917 88.750+1.570 46.200+1.410 75.759+0.856 75.110+0.210

example, in the RGIN model, PANDA is shown to be the most effective method, achieving
an accuracy of 91.36 on REDDIT-BINARY and 88.2 on MUTAG. Surprisingly, for ENZYMES,
PANDA shows a significant 36.09% improvement over the baseline method. In R-GCN,
GTR shows higher performance than PANDA. However, overall, PANDA shows high
effectiveness in R-GCN and R-GIN.

Effect of centrality metrics. It is natural to ask how different the performance of
PANDA varies depending on the centrality metrics. Table compares the results obtained
using different kinds of centrality metrics. In IMDB-BINARY, PageRank centrality is better
than other metrics, indicating that larger node widths effectively receive messages from
influential nodes. Closeness centrality shows the best performance on PROTEINS and COLLAB.
This indicates that it effectively expands the width of nodes that require many connections
to connect to other distant nodes. As shown in Table [£-4] for PANDA-GIN, the PageRank
centrality performs best on REDDIT-BINARY, IMDB-BINARY, and MUTAG. This shows that
in social networks such as REDDIT-BINARY and IMDB-BINARY, the dimension of the node
that receives links from highly influential nodes must be large, as is the characteristic of
PageRank.
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Table. 4-2: Results of our method and rewiring methods for R-GCN and R-GIN. We show
the best three in red (first), blue (second), and purple (third).

Method REDDIT-BINARY IMDB-BINARY MUTAG ENzyMES PROTEINS  COLLAB

R-GCN 49.850+0.653 50.012+0.917  69.250+2.085 28.600+1.186 69.518+0.725 33.602+1.047
+ Last-FA 49.800+0.626 50.650+0.964 70.550+1.810 28.233+1.138 69.527+0.815 34.732+1.194
+ Every-FA  49.950+0.593 50.500+0.891  70.500+1.836 33.400+1.142 71.670+0.882 33.616+0.978
+ DIGL 49.995+0.619 49.670+0.843 73.400+2.007 28.283+1.213 68.232+0.851 19.926+1.441
+ SDRF 58.620+0.647 53.640+1.043  72.300+2.215 33.483+1.245 69.107+0.759 67.990+0.386
+ FoSR 76.590+0.531 64.050+1.123  84.450+1.517 35.633+1.151 73.795+0.692 70.650+0.482
+ GTR 80.180+0.600 65.090+0.930  85.500+1.470 41.330+1.280 75.780+0.760 74.340+0.410
+ PANDA 80.200+0.913 66.790+1.088  90.050+1.466 43.900+1.176 76.000+0.802 71.400+0.376
R-GIN 87.965+0.564 68.889+0.872 83.050+1.439 39.017+1.166 70.500+0.809 75.544+0.323
+ Last-FA 89.995+0.647 69.710+1.025 80.600+1.639 48.183+1.401 70.304+0.844 75.434+0.491
+ Every-FA  56.855+0.943 71.480+0.876  83.050+1.518 54.950+1.331 71.045+0.909 75.432+0.475
+ DIGL 74.425+0.723 63.930+0.947 81.450+1.488 37.600+1.198 71.312+0.757 54.714+0.416
+ SDRF 86.825+0.523 70.210+0.806 82.700+1.782 39.583+1.333 70.696+0.815 76.480+0.388
+ FoSR 89.665+0.416 71.810+0.880 86.150+1.492 45.550+1.258 74.670+0.692 76.480+0.390
+ GTR 90.410+0.410 71.490+0.930 86.100+1.762 50.030+1.320 75.640-+0.740 77.450+0.390
+ PANDA 91.360+0.372 72.090+0.936  88.200+1.513 53.100+1.344 76.170+0.776 77.800+0.355

Table. 4-3: Performance comparison by various centrality measures for PANDA-GCN

C(9) REDDIT-BINARY IMDB-BINARY MUTAG ENzYMES PROTEINS COLLAB

Degree 80.690+0.721 62.100+1.043 85.200+1.568 31.11741.258 75.37540.800 68.162+0.471
Between. 80.000+0.659 59.630+1.152  85.750+1.396 29.600+1.208 74.589+0.791 67.844+0.547
Closeness  79.700+0.664 61.160+0.992 84.700+1.554 29.967+1.231 76.00040.774 68.40040.452
PageRank  80.340-+0.826 63.760+1.012  85.450+1.569 31.55041.230 74.098+0.851 67.540+0.500
Load 79.500+0.732 59.840+1.153  85.700+1.549 28.167+1.090 74.188+0.814 67.802+0.506

Table. 4-4: Results of our method and rewiring methods for PANDA-GIN

c(9) REDDIT-BINARY IMDB-BINARY MUTAG ENZYMES PROTEINS COLLAB

Degree 90.640+0.414 71.900+0.929 86.200+2.263 37.450+1.376 75.759+0.856 74.950+0.402
Between. 90.700+0.378 71.390+0.857 86.150+1.999 44.133+1.363 75.027+0.871 74.644+0.491
Closeness  90.080+0.434 71.310+0.963 88.400+1.612 46.200+1.410 74.741+0.845 74.956+0.412
PageRank  91.055+0.402 72.560+0.917  88.750+1.570 41.483+1.237 74.223+0.702 74.500+0.464
Load 90.625+0.417 71.900+0.967 86.050+1.774 44.150+1.455 74.812+0.878 75.110+0.210

Sensitivity on top-k nodes. Figure shows a sensitivity study w.r.t. top-k£ nodes. For
PrOTEINS, both PANDA-GCN and PANDA-GIN show an increase in mean accuracy as the
top-k value increases from 3 to 7. However, the accuracy does not increase after the k value
is 7. For MUTAG, PANDA-GCN and PANDA-GIN have the highest accuracy for k values of
10 and 7, respectively.
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Figure. 4-9: Sensitivity on top-k for all datasets.

Sensitivity on ppigh. Figure shows a sensitivity study of the PANDA w.r.t. ppigh.
In PROTEINS, using PANDA-GCN and PANDA-GIN with larger pnignh improves performance.
In MUTAG, on the other hand, both models achieve their best performance when using a
Dhigh value of 112.

Empirical runtime analysis. We compare the runtime against the centrality metric used
by PANDA and the rewiring method FoSR. As can be seen in Table using centrality
metrics for IMDB-BINARY, MUTAG, and PROTEINS is faster than the rewiring method FoSR.
However, when the size of the graph such as REDDIT-BINARY or COLLAB is large, metrics
such as betweenness, closeness, and load centrality that calculate the shortest path take a
long time.

In Table we also measure and compare the runtime of the forward pass of the original
GCN and PANDA-GCN. PANDA takes more time than the original GCN due to the
amount of computation used in Equations and (4.17). However, in our design, it is
meaningful to select the different dimensions of high-dimensional nodes that are learned to
be more significant for each message (edge) in g(-) of Equation . In future work, we
aim to design an efficient method for selecting the dimensions.
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Figure. 4-10: Sensitivity on ppgn for all datasets.

Table. 4-5: Empirical runtime comparison of rewiring methods and centrality metrics (in
seconds)

Method REDDIT-BINARY IMDB-BINARY MUTAG ENzZYMES PROTEINS COLLAB

FoSR 11.97 3.36 3.43 3.28 3.47 6.55

Degree 3.33 0.24 0.03 0.14 0.27 21.05

Betweenness 965.31 1.16 0.06 1.20 5.58  349.68
PANDA Closeness 238.32 0.38 0.43 0.40 1.53 55.60
PageRank 9.65 1.50 0.58 1.09 1.93 43.56

Load 953.12 1.03 0.11 1.21 5.17 331.34

Table. 4-6: Empirical runtime: PANDA-GCN forward pass duration (in milliseconds).

Method REDDIT-BINARY IMDB-BINARY MUTAG ENZYMES PROTEINS COLLAB

GCN 11.5 10.6 7.32 19.2 12.1 38.5
+PANDA 41.3 33.9 27.3 68.4 45.5 98.7

4.6 Related Work

This section introduces related work to alleviate the over-squashing problem. Before the link
between over-squashing and graph curvature was established by , DIGL was developed
to sparsify the adjacency matrix using the graph heat kernel and personalized PageRank .
After Alon and Yahav empirically observed the over-squashing problem, research is
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active to find indicators for over-squashing and propose rewiring methods. Topping et al.
[185] initially connect over-squashing with graph Ricci curvature, showing that edges with
highly negative Ricci curvature contribute to the over-squashing and proposes an SDRF.
Since then, rewiring methods with indicators based on curvatures have been studied [13,
193]. In addition to using curvatures as indicators of the over-squashing, Black et al. [189)
measure the over-squashing through the concept of effective resistance. Banerjee et al. [186]
propose rewiring methods to handle the original topology of the graph to prevent it from
being disconnected [186]. To prevent over-smoothing, Karhadkar et al. |[12| propose a rewiring
method that optimizes the spectral gap. Deac et al. [187] propose to interleave message
propagation on the original graph with message passing on an expander graph to alleviate
over-squashing. Gutteridge et al. [209] propose a layer-dependent rewiring method that
provides a variety of rewiring graphs for feature propagation. Barbero et al. [194] propose a
LASER to rewire the graph to better preserve locality. Finkelshtein et al. [210] propose a CO-
GNN with flexible and dynamic message passing that can perform effective graph rewiring at
each layer of the GNN. Recently, Di Giovanni et al. [14] analyzed the factors contributing to
over-squashing, and Southern et al. [211] analyzed the role of virtual nodes in over-squashing.
Also, rewiring methods, as well as more advanced and flexible message-passing paradigms,
are being studied [212, 194, 213, [214} 215 [216].

Most studies to mitigate over-squashing focus on rewiring methods that change the topology.
However, PANDA is different in that it addresses the over-squashing problem by moving
away from the rewiring method.

4.7 Limitations and Future Work

We only focus on redesigning the GNN based on sensitivity (Equation ) for the width of
the nodes that contribute to over-squashing. Despite our empirical evidence for mitigating
over-squashing, more research is needed to prove the effects of higher widths on over-squashing.
For future work, we will aim to reduce the complexity of our method and explore a much
wider range of tasks to study the pros and cons of higher widths.

4.8 Summary

In this chapter, we presented PANDA, a novel message passing framework, effectively
addressing the over-squashing problem in GNNs without rewiring edges. By selectively
expanding the width of high-centrality nodes, PAINDA promotes signal propagation to
alleviate over-squashing. Our empirical evaluations show that PANDA outperforms existing
graph rewiring methods in graph classification. This research contributes a pioneering
approach to selectively expanding node widths in message passing and lays the groundwork
for the future exploration of width-aware strategies in GNNs.
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4.9 Appendix

4.9.1 Signal Propagation

Signal propagation w.r.t. effective resistance. Here, we provide experimental details
for measuring signal propagation with respect to the normalized total effective resistance
of the graphs. First, fix a source node v € V and assign p-dimensional feature vector to it,
while assign the rest of the nodes zero vectors. Then, the amount of signal that has been
propagated over the graph by the randomly initialized model with ¢ layers is given by

Z) t
o _
h E E 4.24
© kg u, U Hh 7’”)’ ( )

max
p uFv t=1 u#v

where hgf)’t is the t-th feature of p-dimensional feature vector of node w at layer ¢ and kg (u, v)
is the distance between two nodes u and v, computed as a shortest path. Every unitary
signal h{)"" / ||h£f)’t|| propagated across the graph G from the source node v is weighted by
the normalized propagation distance kg(u, v)/ maxy+, dg(u,v) for all nodes u # v and then
averaged over entire p output channels. 10 nodes are randomly sampled from each graph, and
the total effective resistance of the graph is estimated for each source node. The final hg)
and total resistance of the graph are calculated as the mean of all 10 nodes. The experiment
is repeated for every graph in the dataset, and the signal propagation measured for each
graph is plotted with respect to the normalized total effective resistance of the corresponding

graph.

4.9.2 Dirichlet Energy and Over-smoothing

Let G be a graph with adjacency matrix A and normalized Laplacian L = I —D~1/2AD~1/2,
Given a vector field H € R™*P defined on nodes in G, Dirichlet energy is defined as

Epy(H) := Tr(H'LH) = ZAM< 7 }\I“ﬁ>2 (4.25)

Essentially, the Dirichlet energy quantifies how much a function on the graph deviates

v, u,w

from being constant between connected node pairs, which thereby indicates how non-smooth
the signals on a graph are [217] 188|. Hence, a metric of Dirichlet energy has been widely
applied to measure the amount of over-smoothing of the graph representations.

4.9.3 Graph Centrality Metrics

We next introduce five graph centrality metrics:

e Degree centrality [201] measures the number of direct connections a node has to other
nodes in the network, e.g., the degree of nodes. The centrality value of node v is the
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fraction of nodes connected to it. This centrality measures a local characteristic and
does not take into account global topology or neighbor connectivity.

e PageRank centrality [203] measures the importance of a node based on the importance
of its neighbors. It is an iterative algorithm that assigns a node a high score if it is
connected to many nodes that themselves have high scores. High PageRank centrality
indicates that a node is not only connected to many nodes but also to nodes that are
themselves central or important within the network. This centrality uses a damping
factor to control the neighbours’ effect on your node while measuring its importance.
We set the damping factor as 0.85.

e Closeness centrality [202] is a metric that measures how close a particular node is to
all other nodes within a network. This metric is calculated based on the shortest path
length between nodes in a network and indicates how efficiently a node is connected to
other nodes in the network on average. Closeness centrality of a node v is the reciprocal
of the average shortest path distance to u over all n — 1 reachable nodes. Nodes with
high closeness centrality are located relatively close to all other nodes in the network.
Because a node with high closeness centrality plays a central role through the shortest
paths to many other nodes, the amount of information focused on this node can be
very large.

e Betweenness centrality [200] measures the extent to which a node lies on the shortest
paths between other nodes. It highlights nodes that serve as bridges or points of control
within the network. A node with high betweenness centrality significantly influences
the flow of information or resources within the network, as it can affect the transfer
between other nodes by facilitating or constraining it. For this reason, in studies that
aim to measure over-squashing [185], it is also used to measure the bottleneck of the
graph. The centrality score of a node is calculated by the number of shortest paths
that include the node. However, this metric is notorious for its high complexity in
calculating all-pairs shortest paths.

e Load centrality [204] is similar to betweenness centrality but considers the number of
times a node is traversed by all shortest paths in the network. It is a measure of the
load or traffic that a node will handle. Nodes with high load centrality are critical for
the flow of information or resources, as they are likely to be bottlenecks or critical
points of failure within the network. Like other centralities, it is useful for finding nodes
where bottlenecks occur.

4.9.4 Experimental Details for Graph Classification

Hyperparameters. For each task and baseline model, we used the same settings of GNN
and optimization hyperparameters across all methods to rule out hyperparameter tuning as a
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source of performance gain. Table shows common hyperparameters. Table shows the
search range for hyperparameters of PANDA, and Table[d-9]shows the best hyperparameters
used by PANDA.

Table. 4-7: Common hyperparameters

Common Hyperparameters

Dropoout 0.5
Number of layers 4
Hidden dimension 64

Learning rate 0.001

Stopping patience 100 epochs

Table. 4-8: Hyperparameter search space of PANDA for benchmark datasets

Hyperparameters Search Space
Dhigh {80, 96, 112, 128}
top k {1, 3,5, 7, 10, 15, 20}
Centrality {Degree, Betweenness, Closeness, PageRank, Load }

Hardware specifications and libraries. The following software and hardware environ-
ments were used for all experiments: UBUNTU 18.04 LTS, PyTHON 3.7.13, PYTORCH 1.11.0,
PyTorcH GEOMETRIC 2.0.4, NumpPY 1.21.6, NETWORKX 2.6.3, CUDA 11.3, and NVIDIA
Driver 465.19, and 19 CPU, and NVIDIA RTX 3090. We implemented our PANDA
message passing framework in PYTORCH GEOMETRIC.

4.9.5 Experiments on Node Classification

Datasets. For node classification, we use the following datasets: CORA, CITESEER [76],
TEXAS, CORNELL, WISCONSIN [46], and SQUIRREL [73].

Experimental setting. FEven if we allow different hidden sizes for the nodes, the output
dimension of the last layer is the same for all nodes. Thus, it can also be applied to the task
of node classification. For node classification, we compare PANDA to no graph rewiring and
4 other state-of-the-art rewiring methods: DIGL [11], SDRF [185], FoSR [12], and BORF [12].
We use the same GCN settings across all methods to rule out hyperparameter tuning as a
source of performance improvement. We accumulate results over 100 randomized trials, the
same as Nguyen et al. [13]’s setup, and report the average test accuracy with 95% confidence
intervals. We use the hyperparameters reported in Table [I-10] as the best hyperparameters
for PANDA.
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Table. 4-10: Best hyperparameter for node classification

Hyperparam.  TEXAS CORNELL  WISCONSIN SQUIRREL CoORA CITESEER
Top-k 50 50 50 25 50 50
Dhigh 96 96 96 96 96 96
c(9) Betweenness Betweenness Betweenness Degree Betweenness Betweenness

Results. As shown in Table in almost all cases, PANDA shows higher accuracy
than existing rewiring methods. In cases like CORNELL and CORA, BORF still performs
the best, but it is comparable to PANDA. PANDA effectively improves the classification
accuracy, especially in heterophilic graphs, such as TEXAS, SQUIRREL, and WISCONSIN. In
the case of WISCONSIN, it achieves higher average accuracy than both DIGL and BORF,
with a 12.57% improvement over DIGL.

Table. 4-11: Node classification accuracies of GCN with None, DIGL, SDRF, FoSR, BORF
rewiring, and PANDA on various node classification datasets. We show the best three in
red (first), blue (second), and purple (third).

Method TEXAS CORNELL WISCONSIN SQUIRREL CORA CITESEER

GCN 442415  41.5+18 44.6+1.4 425427  86.7T+03  72.3+03
+ DIGL 53.6+15  44.541.2 51.7+13 35.2430  83.2+02  T74.5+03
+ SDRF 43.9+16  42.2+15 46.2+1.2 424425  86.3t03  72.6x0.3
+ FoSR 46.0+1.6  40.2+1.6 48.3+1.3 425419  85.9+03  72.3104
+ BORF 494412 50.8+11 50.3+0.9 42.6+28  87.5+02  73.8+02

+ PANDA 554416 47.5+1.4 58.241.4 43.1+0.9 87.0+0.3 75.340.3

4.9.6 Experiments on Long Range Graph Benchmark

Datasets. We use the Peptides (15,535 graphs) dataset from the Long Range Graph
Benchmark (LRGB) [139]. There are two tasks related to peptides: i) PEPTIDES-FUNC, a
peptide feature classification task, and ii) PEPTIDES-STRUCT, a peptide structure regression
task.

Experimental setting. We compare PANDA to no graph rewiring and 4 other state-
of-the-art rewiring methods: DIGL |11], SDRF [185], FoSR [12], and BORF [12]. On the
PEPTIDE-FUNC dataset, we use two experimental setups: the same experimental setup as
Nguyen et al. [13] and the commonly used experimental setup of Dwivedi et al. [139] for
a fair comparison between our method and the rewiring method. The setting for Nguyen
et al. |[13] uses a lower hidden dimension of 64 instead of 300, while the setting for Dwivedi
et al. [139] uses a hidden dimension of 300. In PEPTIDE-STRUCT dataset, we use the same
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experimental settings as those of Dwivedi et al. [139] after fixing the number of layers to 5.
In particular, no additional positional features are used to confirm the effectiveness of the
rewiring method and the effectiveness of PANNDA. We only replace the last layer of the
backbone GCN with PANDA message passing for performance and efficiency.

Results. In Table high average precision (AP) and low mean absolute error (MAE)
values are preferred. On the PEPTIDE-FUNC dataset, for the setting of Nguyen et al. [13], FoSR
and BORF slightly improve the average precision over GCN, but PANDA outperforms them.
In the case of Dwivedi et al. [139)’s setting, existing rewiring methods show trivial improvement
compared to GCON, while PANDA improves by 1.65%. Additionally, in PEPTIDES-STRUCT,
FoSR achieves a performance improvement of 0.658%, but PANDA achieves a performance
improvement of 6.407%. This shows that the PANDA message passing is effective even on
LRGB datasets.

Table. 4-12: Results of GCN with None, SDRF, FoSR, BORF, and PANDA on PEPTIDES-
FUNC and PEPTIDES-STRUCT. We show the best three in red (first), blue (second), and
purple (third).

Method PEPTIDES-FUNC (AP 1) PEPTIDES-STRUCT (MAE |)
Nguyen et al. [13]’s setup Dwivedi et al. [139]’s setup Dwivedi et al. [139)]’s setup
GCN 44.241.5 59.30+0.23 0.3496+0.0013
+ SDRF 43.9+1.6 59.47+1.26 0.3478+0.0013
+ FoSR 46.0+1.6 59.47+0.35 0.3473+0.0007
+ BORF 45.6+1.5 59.94+0.37 0.3514+0.0009
+ PANDA 55.4+1.6 60.28+0.31 0.3272+0.0001
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Chapter 5

Over-squashing 11

Graph Neural Networks (GNNs) have emerged as powerful tools for learning on graph-
structured data, but often struggle to balance local and global information. While graph
Transformers aim to address this by enabling long-range interactions, they often overlook the
inherent locality and efficiency of Message Passing Neural Networks (MPNNs). We propose
a new concept called ‘fractal nodes’, inspired by the fractal structure observed in real-world
networks. Our approach is based on the intuition that graph partitioning naturally induces a
fractal structure, where subgraphs often reflect the connectivity patterns of the full graph.
Fractal nodes are designed to coexist with the original nodes and adaptively aggregate
subgraph-level feature representations, thus enforcing feature similarity within each subgraph.
We show that fractal nodes alleviate the over-squashing problem by providing direct shortcut
connections that enable long-range propagation of subgraph-level representations. Experiment
results show that our method improves the expressive power of MPNNs and achieves a
performance comparable to or better than that of the graph Transformers, while maintaining
the computational efficiency of MPNN by improving the long-range dependencies of MPNN.

5.1 Motivation

GNNs have become powerful tools for learning on graph-structured data, in various domains
such as social network analysis, molecular property prediction, and recommendation sys-
tems (24} |23] [26] [34]. At the core of this field are MPNN [17], which propagates information
by iteratively exchanging messages between neighboring nodes. However, MPNNs face limita-
tions, particularly over-smoothing [81] and over-squashing [10]. To address these challenges,
Transformer architectures [64] have been adapted for graph learning, applying self-attention
mechanisms to enable long-range interactions by treating all nodes as tokens [218] |219), [220].
While graph Transformers effectively capture global context, they often overlook the inherent
locality of MPNNs [221]. Although approaches such as GraphGPS [222] attempt to combine
MPNN and Transformer node representations to balance local and global information, the
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(a) Coarsened (renormalized) graph (b) Graph where our fractal nodes are connected.

Figure. 5-1: Conceptual comparison of renormalization and our fractal node process. (a) In
renormalization, the original graph is replaced by a single node according to each box-covering
method, resulting in a coarsened network. (b) After partitioning the original graph into
subgraphs, we aggregate the low and high-frequency information of each subgraph to create
fractal nodes (O, O, ). Then, we propagate the information to the original nodes (our
proposed FN). We also support the long-distance interactions ( ) between
fractal nodes (our proposed FNjpy).

computational complexity of Transformers remains a challenge.

Limitations of MPNN and graph Transformers. The limitations of both MPNN
and graph Transformers motivate us to seek a novel approach that balances local and
global information while preserving scalability. Our inspiration comes from the concept of
fractals [223], which describes systems where similar patterns recur on scales. Many real-
world graphs show this fractal structure, where structural patterns repeat across different
parts of the graph [224] [225] 226]. Fractal structures in graphs are commonly studied
through renormalization [227] (see Figure |5.1(a))), where groups of nodes are coarsened
into “super-nodes” to analyze global properties emerging from local structures. In contrast
to such coarsening, one may consider partitioning the graph into subgraphs and learning
representative features for each group — without changing the original graph topology. This
alternative perspective leads us to the following question:

Can fractal-inspired subgraph representations enhance message passing by improving long-
range information flow, while preserving the locality and efficiency of MPNNs?

Our answer is “yes”, and we introduce our main idea: fractal nodes for enforcing feature

similarity.

Main idea: graph partitioning causes fractal structure, and each fractal node
enforces feature similarity in each partition. We propose a novel concept called
‘fractal nodes’, inspired by the fractal structure observed in real-world networks. We build on
the view that graph partitioning naturally causes fractal structure, where subgraphs reflect
the connectivity patterns of the full graph. Rather than replacing groups of nodes with super
nodes as in renormalization, we retain the original graph and introduce fractal nodes (O,
(1), () that coexist with the original nodes (see Figure |5.1(b)|). Each fractal node serves as
a representative for its subgraph and is connected to all nodes in its subgraph. These nodes
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aggregate subgraph-level information and enforce feature similarity among the nodes within
the same subgraph. To construct these representations, each fractal node adaptively combines
both low-frequency (global) and high-frequency (local) components of the features in its
subgraph. This goes beyond simple mean pooling, which only retains the lowest-frequency
signal. These one-hop shortcut connections between fractal nodes and their subgraph nodes
effectively reduce the information propagation distance. This theoretical reduction in effective
resistance between nodes empirically supports the mitigation of over-squashing [10] and
improves signal propagation. Furthermore, we apply an MLP-Mixer [228] at the final layer
to flexibly mix the representations of the fractal nodes. This allows long-range interactions
between subgraphs without relying on multi-hop message passing, which leads to signal
degradation in standard MPNNs.

Contributions. We propose a novel paradigm, fractal nodesﬂ which improves message
passing in GNNs by enforcing feature similarity within subgraphs, by enforcing feature
similarity within subgraphs, using the fractal structure caused by graph partitioning. Our
main contributions are as follows:

e A new architectural module for MPNNs. We introduce fractal nodes, a plug-in
component that captures subgraph-level information, and integrate them into MPNNs
(Section . Our approach is inspired by the fractal nature of networks and discusses the
properties of fractal nodes (Section .

e Theoretical and empirical analysis. We analyze the role of fractal nodes in reduc-
ing effective resistance and demonstrate that they mitigate the over-squashing problem
(Section [5.5.1]). We also show improved expressive power compared to standard MPNNs

(Section [5.5.2)).

e Strong empirical performance with efficiency. Extensive experiments on various
benchmark datasets show that MPNNs augmented with fractal nodes achieve perfor-
mance comparable to or better than state-of-the-art graph Transformer-based models
(Section , while improving the scalability and maintaining efficiency of standard
MPNNs (Section [5.5.4).

5.2 Background & Related Work

In this section, we discuss MPNNSs, their limitations, graph Transformers, augmented MPNNs,
and fractality and self-similarity in networks.

LOur source code is available here: https://sites.google.com/view/fractalnode/
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Message passing neural network. Given a graph G = (V, ), we use V and £ to denote
its nodes and edges, respectively. The nodes are indexed by v and w such that v,u € V, and
an edge connecting nodes v and u is denoted by (v, u) € £. We consider the case where each
node v has a hidden vector h,(f) S Rd, where d is the size of the hidden dimension, and ¢ is
the number of layers. MPNNs iteratively update node representations:

KD = (D O (RO u € N(v)})), (5.1)

where ¥ and ¢ are aggregation function and update function.

Limitations of MPNNs. In several studies, MPNNs have been investigated for their
expressive power limitations and over-squashing problems. Simple MPNNs are known to be
only as powerful as the 1-Weisfeler-Leman graph isomorphism test [196]. The over-squashing
problem occurs when MPNNs struggle to propagate information along long paths, resulting
in loss of information when aggregating from too many neighbors into a fixed-sized node
feature vector [10}14]. This issue arises because local information spreading along the network
is insufficient to fully capture the local and global context. This leads to the development
of graph Transformers, which use self-attention to connect “everything is connected to
everything”, thereby solving the over-squashing problem.

Graph Transformers. Because of the success of Transformers, previous works have
adapted this architecture for graph learning [218| [229]. Dwivedi and Bresson [218] proposed
the use of graph Laplacian eigenvectors as node positional encodings. GraphGPS [222]
provides a general framework combining MPNNs with Transformer components, while
Graphormer|143] uses attention mechanisms to estimate several types of encoding, such as
centrality, spatial, and edge encodings. Wu et al. [219] applies the MPNN directly to all
nodes and then applies a Transformer, which is computationally intensive. He et al. [144]
generalize ViT [89] to graphs and Ma et al. [230] show that adding inductive biases to
graph Transformers removes the need for MPNN modules in GraphGPS. Exphormer [231]
improves GraphGPS by using self-attention on expander graphs. While graph Transformers
effectively capture long-range dependencies and mitigate over-squashing problems |10, |14],
they typically scale quadratically with the number of nodes O(JN|?) compared to the linear
scaling of MPNNs O(|€]), motivating our work to develop more efficient architectures that
preserve global information capture.

Augmented MPNNs. To improve information flow and address the limitations of stan-
dard MPNNSs, various strategies have been proposed |14} [184) [180]. One approach is to
incorporate additional global graph features during representation learning |17} [141]. Another
effective method is rewiring the input graph to enhance connectivity and alleviate structural
bottlenecks |11} 189} |12} [13]. These adjustments allow for more effective information flow
within the network. Another example of graph augmentation is a virtual node, which adds a
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new node to the graph to enhance information exchange between all pairs of nodes. This
heuristic, introduced by Gilmer et al. [17], has been observed to improve performance on
various tasks. Further analyses by Hwang et al. [232] and Cai et al. [233] have explored the
role of virtual nodes in mitigating under-reaching and over-smoothing issues.

Fractality and self-similarity in networks. The concept of fractals, introduced by
Mandelbrot [223], describes systems that exhibit self-similarity, where similar patterns recur
across different scales. This concept has been widely applied in network science, where
many real-world networks have been shown to exhibit fractal structures and scale-free
properties 227, 234} |235]. For instance, social networks, web networks, and even protein
interaction networks have been found to have fractal properties [226]. A common approach
to analyzing fractality in networks involves coarsening techniques such as renormalization or
box-covering techniques [234], which group nodes into coarser units and study the coarsened
structures. However, these methods are not directly applicable in graph learning settings,
where node coordinates or geometric information is often unavailable. These observations
suggest the potential to incorporate fractality into graph learning through scalable and
learnable mechanisms. Instead of relying on explicit structural coarsening methods, box-
covering, and renormalization, we explore how self-similar patterns can be captured and
utilized directly within the message passing process.

5.3 Fractal-Inspired Message Passing with Fractal Nodes

In this section, we propose fractal nodes and explain how they contribute to overcoming the
limitations of existing MPNNs. We describe how to create fractal nodes, how to augment
the MPNNs, and how to implement interactions between intra- and inter-subgraphs.

Notation. Let {V1,...,Vc} be the set of node subsets corresponding to C' subgraphs,
where C' is the number of subgraphs. G. = (V., &) is the induced subgraph of G. We define
hff?; as the hidden vector of node v of the c-th subgraph in layer ¢, and fc(é) as the hidden
vector of the fractal node of the ¢-th subgraph in the ¢-th layer.

Message passing with fractal nodes. We first introduce the message passing process,
including fractal nodes. The message passing process proceeds as follows:

R = p OO0l € N), (52)
) = G0, WAL - w € 1), 59
hgf:rl) = g(l)(hﬁ(fjl)v fc(£+1))? (54)

where N (v) is the set of neighbors of node v. Equation (5.2) performs standard message passing
at the node level. Equation (5.3]) updates the fractal node representations. It aggregates
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hidden vectors from all nodes in the subgraph, V., using the ?Lﬁfj”

fractal node representation. 7,/1,(:@,3 and @,&Q are aggregate and update functions for fractal

, and then updates the

nodes, which will be explained in more detail. The update function @ is the step that

shows that the message fc(”l) is propagated to hS,‘)c

How to create fractal nodes. As shown in Figure fractal nodes are created from
partitioned subgraphs. To partition into subgraphs, we consider the METIS [236] algorithm
for its scalability and efficiency. How we use METIS is provided in Section [5.8.3] In our
design, each fractal node plays a dual role: (i) structurally, it originates from a subgraph
that reflects the recurring connectivity patterns of the original graph, and (ii) functionally, it
encodes a subgraph-level feature representation that enforces feature similarity among the
nodes within the same subgraph. While graph partitioning naturally preserves structural
characteristics, our method focuses on learning subgraph-level representations by adaptively
combining low-frequency (global) and high-frequency (local) components of node features
within each subgraph. To motivate this, we first show that simple mean pooling captures
only the direct current (DC) component — i.e., the lowest frequency — of the signal.

Theorem 5.3.1 (Mean pooling as a low-pass filter capturing the DC component). Let h,
represent the hidden state of node v in subgraph V. and let H, = [h1, ha, ..., h,] € R?*9 be
the matriz of node features for all nodes in V. where n = |V,| is the number of nodes in the
subgraph. The mean pooling operation applied to the node features is equivalent to extracting
the DC' or the lowest frequency component of the signal in the frequency domain.

As shown in Theorem [5.3.1] mean pooling corresponds to extracting the lowest frequency
component — also known as the DC component — in the Fourier domain. This DC component
captures the global characteristic of the subgraph, but it ignores higher-frequency variations
that represent local details. A formal proof of Theorem [5.3.1]is provided in Section [5.8.1

While Theorem [5.3.1| shows that mean pooling only captures the DC component, fractal
nodes go beyond this limitation by using LPF and HPF. We adaptively rescale the high-
frequency component, and combine LPF and HPF together to form fractal nodes:

v,c

where wy) is a learnable parameter controlling the contribution of high-frequency components.

We use a learnable scalar, wé‘) € R, or a learnable vector parameter, wge) € R%. The LPF
is computed by averaging the node features within the subgraph, so it can capture global

information:

1
LPF(h{’tD)) = i >Ry, (5.6)
¢ vEV,

Equation (5.6) is analogous to mean pooling and represents the global, low-frequency
component of the subgraph. To capture the local details, the HPF is applied by subtracting
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the low-pass filtered output from the original node hidden vector. This allows the model to
retain the local variations:

HPF(R{D) = A — LPF(R{ D). (5.7)
Fractal nodes mixing with MLP-Mixer. We also allow fractal nodes to exchange mes-
sages, as the coarsened network in Figure takes advantage of long-distance interactions.
To do this, we can apply the MLP-Mixer layer [228] to the fractal nodes in the last layer.
This means that we do not need to create a coarsened network, and the MLP-Mixer flexibly
mixes the representations of fractal nodes:

F = MLPMixer(F()), pE) = {5 pby) (5.8)

where F(I) is the matrix of all fractal node representations at final layer L. The MLP-Mixer
layer consists of token-mixing and channel-mixing steps:

U = FL) 4+ (Wyp(W;LayerNorm(F (1)) (5.9)

FU) = U + (Wyp(WslLayerNorm(UT)T), (5.10)

where p is a GELU nonlinearity, LayerNorm(-) is layer normalization, and matrices W7 €

RUXC 1, € ROXD W3 € R2X4 1, € R¥*% are learnable weight matrices, where d; and

ds are the tunable hidden widths in the token-mixing and channel-mixing MLPs.

Instance of our framework. To better understand our framework, we show how to
integrate fractal nodes into GCN [22], one of the general MPNNs. The update equation for
GCN + FN is the following:

~ 1

WD =o(Wl e Y L niw),
JLED < LPFR(EY) + ) - HPF(RLEY),
B = R 4+ 704

(5.11)

where 0 a ReLU activation function, and deg, and deg, are their node degrees. Due to
space constraints, the update equations of other MPNNs and implementation details are in
Section The method of applying the fractal nodes as in Equation is called FN,
and the method of using the fractal nodes of the last layer by mixing (see Equation ) is
called FN,; from now on.

The output layer. Once the final representation hg is derived, we use a multi-layer
perceptron (MLP) as an output layer to predict graph-level outputs:

Yo = MLP(hg), hg = MeanPool(H™) for FN, F(V) for FNy,) € R?,
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where yq is either a scalar for regression tasks or a vector for classification tasks, and
HWL) = [th), vy h‘(‘ﬁf] is the matrix of node representations at the final layer L for all
nodes in the graph. For details on our method for node classification tasks, please refer to

Section 5.8.7.11

5.4 Properties and Effectiveness of Fractal Nodes

In this section, we analyze why fractal nodes are effective and what properties they have,
discuss the model complexity, and compare them with previous work.

5.4.1 Why Fractal Nodes Improve Message Passing

Theoretical analyses. We provide theoretical analyses showing that fractal nodes help
mitigate over-squashing by reducing the effective resistance between nodes.

Theorem 5.4.1 (Resistance reduction). Let G be the original graph and Gy be the augmented
graph with fractal nodes. For any nodes u,v € G, the effective resistance in Gy satisfies:

Rf(”? v) < R(u,v),
where Ry(u,v) is the effective resistance in Gy and R(u,v) is the original effective resistance
ing.
This reduction in effective resistance improves signal propagation between distant nodes

as follows Theorem [5.4.2

Theorem 5.4.2 (Signal propagation with fractal nodes). For an MPNN with fractal nodes,
the signal propagation between nodes u,v after £ layers satisfies:

1R = RPN < exp(—€/ Ry (u, v)) [0 — B,
where Ry (u,v) is the effective resistance in Gy.

Since R¢(u,v) < R(u,v), fractal nodes improve the worst-case signal propagation bound
compared to the original graph. The proofs and detailed analyses can be found in Sec-

tions £.8.2.2 and £.8.2.3

Frequency response analysis. We analyze fractal nodes from a frequency perspective.
Figure [5-2] shows normalized frequency responses. Mean pooling shows a minimal response
in a high-frequency domain, which suggests an oversimplification of node representations by
losing local details. GCN and self-attention have higher responses than mean pooling in the
high-frequency domain, but are still lower than fractal nodes. The improved high-frequency
response of fractal nodes preserves fine local details.

105



o]
o

— GCN

— Self-Attention
— Mean Pooling
— Fractal Node

o))
o

Normalized Magnitude
N B
o o

o

-1.0 -0.5 0.0 0.5 1.0
Frequency

Figure. 5-2: Normalized frequency response on PEPTIDES-STRUCT.

Fractal structure and feature similarity. Fractal structure emerges naturally from the
graph partitioning process. Since each subgraph is a subset of the original graph, it often
reflects the overall connectivity patterns of the full graph. This structural similarity aligns
with the concept of fractality, where similar patterns recur across different scales. To quantify
this, we compare the betweenness centrality distributions between the original graph and its
subgraphs. Betweenness centrality captures both local and global structural importance,
particularly in graphs where even low-degree nodes can serve as critical bridges . As
shown in Figure the structural similarity increases with the number of subgraphs (see
Section for details). On top of this property, our fractal nodes are designed to enforce
feature similarity within each subgraph. Each fractal node summarizes the features of its
corresponding subgraph by adaptively combining low-frequency (global) and high-frequency
(local) components using a learnable parameter wéf). While mean pooling only retains global
information through DC components, our approach preserves global patterns and local

variations in the feature space.
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Figure. 5-3: Similarity of node centrality distribution in PEPTIDE-STRUCT.

Expressive power of fractal nodes. The expressive power of fractal nodes can be
understood through the lens of existing theoretical results on subgraph-based approaches.
The methods have been shown to increase expressive power beyond MPNNs. Encoding local
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subgraphs is stronger than 1-WL and 2-WL tests [238, Theorem 4.3]. In the context of
the subgraph WL (SWL) test [239], fractal nodes achieve expressive power comparable to
SWL with additional single-point aggregation and potentially approach SWL with additional
global aggregation [239, Theorem 4.4], as the fractal nodes implicitly perform a form of
global aggregation within each subgraph. We will empirically verify expressive power in

Section [5.5.21

5.4.2 Model Complexity

Our fractal nodes show improvements in computational efficiency compared to graph Trans-
formers [218] |222]. The time complexity of our FN is O(L(|V| + |£|)), where L is the number
of layers, |V| is the number of nodes, and |€| is the number of edges. The FNj; intro-
duces an additional mixing step through the MLP-Mixer, leading to a time complexity of
O(L(|V| + |&|) + Cd?). Given that C is smaller than |V, this term does not dominate the
overall complexity, preserving the efficiency of the model. In contrast, graph Transformers
incur a time complexity of O(L(|V|?)), due to the quadratic cost of computing self-attention
over all node pairs. Similarly, GraphGPS combines MPNNs with self-attention, resulting
in comparable quadratic complexity O(L(|V|?)). Thus, fractal nodes offer a computational
advantage over graph Transformer-based methods.

5.4.3 Comparison with Prior Work

Subgraphs in graph learning. Several works introduce hierarchical clustering and
coarsening for learning on graphs [240]. Chiang et al. [241] use graph clustering to identify
well-connected subgraphs on large graphs. HC-GNN [242] shows competitive performance in
node classification on large-scale graphs, using hierarchical community structures for message
passing. In graph Transformers, several hierarchical models [238| [243] [244] |144] attempt to
manage computational complexity, though they still face challenges with scalability as all
nodes remain within the computational burden of the Transformer architecture. However,
our approach, the incorporation of fractal nodes to MPNN, can reduce this computational
cost while preserving structural information.

Comparison to graph coarsening methods. Coarformer [245] tries to use coarsened
and original graphs as separate views, where the coarsened graph is input to the Transformer,
while ANS-GT [246] feeds a sequence of node representations to the graph Transformer by
combining original, global, and coarsened node representations formed via adaptive sampling.
Our method, on the other hand, incorporates fractal nodes representing subgraph information
into the MPNN and enables fractal nodes to exchange messages with the original nodes and
exchange information between fractal nodes via MLP-Mixer.
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Comparison to virtual node. If we do not split into subgraphs, there will be only one
fractal node. This can be compared to a virtual node |17} 232} [233], which is known to have
the information of a global node. While both approaches facilitate global or subgraph-level
information exchange, the key difference lies in how they process information. Virtual nodes
aggregate global information from the entire graph, whereas fractal nodes operate at a
subgraph level. A virtual node has its own update and aggregation functions that process
messages from all graph nodes, while regular nodes incorporate both their local neighborhood
messages and the virtual node’s message. In contrast, our fractal nodes adaptively decompose
and process both low and high-frequency components of subgraph features. This allows
fractal nodes to capture richer information at the subgraph level compared to virtual node
implementations that typically aggregate global information.

5.5 Experiments

To evaluate the effectiveness of our proposed fractal nodes, we conduct extensive experiments
on various tasks. We aim to answer the following key questions:

e (Q1) Can fractal nodes mitigate over-squashing in MPNNs?
¢ (Q2) Do fractal nodes improve expressiveness of MPNNs?

e (Q3) How do fractal nodes compare to MPNNs and other graph Transformers in terms
of performance on benchmark datasets?

e (Q4) Does our method lead to a faster run time than graph Transformers?

In this experiment, we aim to verify if fractal nodes provide meaningful benefits. Afterwards,
we conduct a series of additional studies, including ablation studies and sensitivity analyses.

5.5.1 Analysis on Over-squashing (Q1)

Signal propagation and effective resistance. The signal propagation of MPNNs is
inversely proportional to the total effective resistance Ry |[14]. Theorems and
motivates us to check if adding fractal nodes helps maintain signal flow across a graph with
high Rtoﬂ The theoretical details are provided in Section The results in Section m
validate our theoretical predictions — GCN+FN mitigates the decay of signal propagation
with higher R;,; compared to GCN. GCN fails to maintain the magnitude of signal flow
under a severe bottleneck structure, indicated as higher total effective resistance. In contrast,
GCN+FNj; shows resilience to over-squashing and maintains higher levels of signal propaga-
tion even under the highest R;,;. This improvement can be attributed to fractal nodes, which

2Riot is the total effective resistance between all pairs of nodes.
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serve as single-hop shortcuts to connect all nodes and enable efficient long-range interactions
by exchanging features between them through MLP-Mixer.

1

= GCN
0.8 == GCN + FNy

0.6

0.4

0.2

Signal Propagation

0

0 02 04 06 0.8 1
Normalized Ryt

Figure. 5-4: The amount of signal propagated across the graphs w.r.t. the normalized R;,; in
PEPTIDES-FUNC.

Fractal nodes alleviate over-squashing. We evaluate our fractal nodes on the TREENEIGH-
BOURSMATCH proposed by Alon and Yahav , which has tree structures that show fractal-
like properties. The dataset helps evaluate over-squashing. In this dataset, each example
consists of a binary tree of depth r, with the task of predicting the label for the target node
by matching its degree of neighbors with a leaf node. As shown in Figure [5-5] standard
MPNNs (i.e., GCN, GINE, GatedGCN) fail to generalize for r > 4, while our fractal nodes
mitigate over-squashing and generalize up to r = 7. We empirically show that MPNNs
augmented with fractal nodes can directly propagate long-distance information, avoiding the
over-squashing problem.

1.00 - -ﬁ-—!—*—-‘
—e—GCN

>.0.75] —o—GINE

@ —e— GatedGCN

30.50 ~B- GCN+FNy

g @ - GINE+FNy
0.25 -9+ GatedGCN+FNy
0.00

2 3 4 5 6 7 8
r (the problem radius)

Figure. 5-5: Test accuracy across problem radius (tree depth) in the TREENEIGHBOURMATCH
problem.

5.5.2 Expressive Power of Fractal Nodes (Q2)

We evaluate the expressive power of fractal nodes on 3 simulated datasets: CSL [247],
EXP [248], and SR25 [249]. Each dataset contains graphs that are indistinguishable by the 1
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to 3-WL test, and detailed descriptions are provided in Section [5.8.6.1] Figure [5-6|shows that
our model achieves superior accuracy on all 3 datasets while MPNNs fail (see detailed result
in Section |5.8.5)). Our results are empirical, but align with our discussion in Section

Figure. 5-6: Results on 3 synthetic datasets (Accuracy 1).

Method CSL SR25 EXP
GCN 10.00  6.67  52.17
GCN + FNys 39.67 100.0 86.40
GINE 10.00  6.67  51.35
GINE + FNy, 47.33 100.0 95.58
GatedGCN 10.00  6.67  51.25

GatedGCN + FNj;  49.67  100.0  96.50

5.5.3 Experiments on Graph Benchmarks (Q3)

Experimental setting and baselines. We evaluate our method on two different types of
tasks: graph-level prediction and large-scale node classification. For graph-level tasks, we
use 6 benchmark datasets: 2 peptide datasets from LRGB [139], 2 graph-level super-pixel
image datasets from Benchmarking GNNs [140], and 2 molecular datasets from OGB [141].
For large-scale node classification, we use 2 large datasets from OGB [142]: ogbn-arxiv and
ogbn-products. We compare our fractal nodes to MPNNSs, graph Transformer-based models,
and other state-of-the-art models. Detailed experimental settings for graph-level tasks are
provided in Section while the setup and baseline comparisons for the large-scale node
classification experiments are described separately in Section [5.8.7]

Results on graph-level tasks. Our proposed fractal nodes (FN and FNj;) consistently
enhance the performance of baseline MPNNs on all benchmark datasets, often surpassing
graph Transformer models. In Table on PEPTIDES-FUNC, GINE+FN,; achieves an
average precision (AP) of 0.7018, outperforming both Exphormer and GraphGPS. Our
comparable performance with Graph-ViT and Exphormer on MNIST shows that fractal
nodes can effectively capture local and global information without a self-attention layer.

Results on large-scale graphs. The effectiveness of our method is particularly evident
in large-scale graph experiments in Table -2 of Section [5.8.7 On ogbn-arxiv, GCN+FN
improves accuracy from 71.74% to 73.03%, while on ogbn-product, GraphSAGE-+FN,
demonstrates a substantial improvement from 78.29% to 83.11%. Several Transformer-based
models (marked as OOM — Out of Memory in Table fail to scale to ogbn-products due
to their quadratic complexity in attention computation. In contrast, our method maintains
computational efficiency while achieving superior performance, which we discuss further
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Table. 5-2: Results on large-scale graphs.

Model ogbn-arxiv  ogbn-product
# nodes 169,343 2,449,029
# edges 1,166,243 61,859,140
MLP 55.50+0.33 71.59+0.71
LINKX ([30] 66.18+0.33 71.59+0.71
GraphGPS [222] 70.97+0.41 OOM
NAGphormer [259] 70.13+0.55 73.55+0.21
Exphormer [231] 72.44+0.28 OOM
NodeFormer [260] 69.86+0.25 72.93+0.13
DiffFormer [261] 72.41+0.40 74.16+0.31
PolyNormer [262] 71.82+0.23 82.97+0.28
SGFormer [263| 72.63+0.13 74.16+0.31
HC-GNN |[242] 72.79+0.25 -
ANS-GT [246| 72.3440.50 80.64+0.29
HSGT [244] 72.58+0.31 81.15+0.13
GCN 71.74+0.20 75.64+0.21
GCN + FN 73.03+0.37 81.29+0.21
GCN + FNar 72.93+0.35 81.33+0.33
GraphSAGE 71.49+0.27 78.29+0.16

GraphSAGE + FN 72.70+0.11 83.07+0.35
GraphSAGE + FNys  72.54+0.30 83.11+0.07

in Section This highlights not only the effectiveness of fractal nodes in capturing both
local and global graph information but also their practical applicability to large-scale graphs.

5.5.4 Runtime Comparison (Q4)

As we discussed in Section our fractal nodes provide benefits in capturing long-range
dependencies without increasing computational complexity. As shown in Table when inte-
grated with base MPNNs, fractal nodes introduce trivial computational overhead — GCN+FN
maintains identical training time (1.27s) and memory usage (16.49GB) compared to the
vanilla GCN. Our method uses common MPNN operations without introducing complex
additional computations. In contrast, graph Transformers (e.g., GraphGPS and Exphormer)
require substantially more computational resources (38.91GB and 34.04GB memory, re-
spectively) due to their attention mechanisms. Given these results shown in Sections m
and we believe our method achieves a balance between accuracy and computational
efficiency.

In Section [5.8.8] we also conduct experiments on synthetic Erdds-Rényi graphs with nodes
ranging from 1,000 to 100,000 to evaluate efficiency and scalability, and we are able to verify
linear space complexity while our GPU memory usage scaled linearly with the graph size.
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In Table of Section [5.8.13] we show that using METIS with O(]€]) complexity enables
efficient fractal node creation.

Table. 5-3: Training time per epoch and memory usage on ogbn-arxiv

Model Runtime (s) Mem. (GB)
GCN 1.27 16.49
GraphSAGE 0.55 7.74
GraphGPS 1.32 38.91
Exphormer 0.74 34.04
NodeFormer 1.20 16.30
DiffFormer 0.77 24.51
PolyNormer 0.31 16.09
GCN + FN 1.27 16.49
GCN + FNy, 1.27 16.49
GraphSAGE + FN 0.57 7.74
GraphSAGE + FNj, 0.58 7.76

5.5.5 Ablation, Sensitivity, and Additional Studies

We report ablation studies for w((f) and HPF in Sections |5.8.9.1| and |5.8.9.2l We report results

when wy) is zero, that is, without HPF, and when we use either a scalar parameter or a

learnable vector parameter. We also report sensitivity studies on C, i.e., the number of fractal
nodes, and additional analyses on a variant of message passing between fractal nodes and the
distribution of subgraph size ratios in Sections[5.8.9.5] [5.8.9.6] and [5.8.11} We also provide
the number of subgraphs that affect over-squashing in Corollary [5.8:4] which is related to
the sensitivity study in Section An analysis of the use of partitioning algorithms
other than METIS, such as random, Louvain [264], Girvan-Newman [265] partitionings, is

reported in Section [5.8.13

MPNNs with fractal nodes vs. other augmented MPNNs. We compare our fractal
nodes to 6 augmented MPNNs, including graph rewiring methods (see Section for
detailed setup). In Table we show that our FN outperforms LASER and PANDA, as
well as all 6 baselines on both datasets. If there is only one fractal node and no subgraph is
created, our method can be reduced to the virtual node method, so we compare our methods

and virtual nodes in Section [£.8.9.4
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Table. 5-4: Results of GCN with rewiring methods.

PEPTIDES-FUNC

PEPTIDES-STRUCT

Method
AP 1 MAE |

GCN 0.5930+0.0023 0.3496+0.0013
+ FoSR [12] 0.5947 +0.0035 0.3473+0.0007
+ GTR [189] 0.5075-0.0029 0.3618-0.0010
+ SDRF [185] 0.5947+0.0126 0.3478+0.0013
+ BORF [13] 0.5994+0.0037 0.3514+0.0009
+ PANDA [180] 0.6028+0.0031 0.3272+0.0001
+ LASER [194] 0.6440+0.0010 0.3043+0.0019
+ FN 0.6445+0.0057 0.2535+0.0012

5.6 Limitations and Future Directions

While fractal nodes are effective, they are currently limited to MPNNs and rely on predefined
graph partitioning. Future work could explore learnable partitioning and training strategies
that align MPNN representations more closely with those of graph Transformers. Our
approach may also benefit scientific domains such as materials science, where both local and
global structural properties are essential.

5.7 Summary

We introduced fractal nodes that preserve the computational efficiency of MPNNs while
enabling long-range interactions typically captured by graph Transformers. Our core idea
is that graph partitioning naturally induces fractal structure, and fractal nodes enforce
feature similarity within each subgraph. This design alleviates over-squashing and improves
expressive power through subgraph-level representations. Experiments show that fractal
nodes consistently improve MPNN performance and achieve results that are competitive
with those of graph Transformers.

5.8 Appendix

5.8.1 Proof of Theorem [5.3.1]

Proof. The mean pooling operation aggregated the features of all nodes in the subgraph or
graph by computing the average:

mean __ l
fereem = — > ha. (5.12)

vEC,
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To understand this operation in the frequency domain, we use the discrete Fourier transform
(DFT), which transforms the node feature matrix H, into its frequency domain. The DFT of
a signal h, is represented as:

F(hy) = DFT - hy, (5.13)

where DFT € C"*"™ is the Fourier matrix. The rows of the Fourier matrix are given by the
Fourier basis vectors, which are complex exponential functions. These basis vectors represent
different frequencies, and each row in the DFT corresponds to a specific frequency component.
The first row of the Fourier matrix DFT corresponds to the DC component, which is the
lowest frequency component of the signal. This row is a vector of ones:

1
n

This row corresponds to the mean or average of the signal. Therefore, when we project the

DFT[L,:] = — - [1,1,...,1]. (5.14)

input signal onto this basis vector, we are effectively extracting the global, smooth structure
of the signal.
The DC component of the DFT is then expressed as:

1
DC[z] = DFT 'diag(1,0,...,0)DF Tz = ~1Tz. (5.15)

This operation corresponds to projecting the input signal = onto the vector of ones, effectively
averaging all elements of x, which is exactly the result of mean pooling:

1
DO — Z11TH, = Z By (5.16)
vEC

O

Therefore, mean pooling captures the DC component of the signal, which is the lowest
frequency component. This corresponds to extracting the global, smooth node features of
the subgraph, but it does not retain higher-frequency variations, which represent the local
details.

Thus, mean pooling is equivalent to applying a low-pass filter that only retains the DC
component of the signal.

5.8.2 Theoretical Analyses

In this section, we provide theoretical analyses of fractal nodes to show how they mitigate
over-squashing. Our analysis builds on effective resistance theory to characterize information
flow in networks with fractal nodes.
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Preliminaries on effective resistance. Following Black et al. [189] and Section [5.8.10
we recap the effective resistance in graphs. For a connected, non-bipartite graph, the pseu-
doinverse of the normalized Laplacian can be expressed as:

o0
Lt = ZAJ’ (5.17)
§=0
Furthermore, the effective resistance between nodes v and v can be written as:

(1 ., IR 2 .
Ru,v - 7(Al)uu + 7(Az)mj - 7(Az)uv ) (518)
iz:% <du d'U V degudegv

where (A?),,,, represents the number of paths of length 7 between nodes u and v [189]. This
equation intuitively demonstrates that shorter and more disjoint paths connecting two nodes
result in lower effective resistance.

5.8.2.1 Effective Resistance with Fractal Nodes

Lemma 5.8.1 (Fractal Node Effective Resistance). Let G be a connected graph with C
subgraphs and their associated fractal nodes. The effective resistance between any two nodes

u, v with fractal nodes can be expressed as:
Ry(u,v) = (1o — 1U)TL}_(1u —1,),
where Ly is the augmented Laplacian incorporating fractal node connections:

L+Y ¢, FF  —[F,Fy, .. F]
—[F1,F2,...,.F¢]” I

Ly =

3

where L is the original Laplacian matriz, F; is the incidence vector for fractal node i indicating
its connections to the original nodes.

Similar to the path-based interpretation in [189], we can express R(u,v) in terms of paths:

> 1 .. 1 .. 2 .
Ry(u,v) = Ay + (ALY — ——m (A%, 5.19
f(u,v) ; (degu( ) degv( ¥) degudegv( %) ) (5.19)

where Af is the normalized adjacency matrix including fractal node connections.

5.8.2.2 Proof of Theorem [5.4.1]

Theorem 6.4.1 (Resistance reduction). Let G be the original graph and Gy be the augmented
graph with fractal nodes. For any nodes u,v € G, the effective resistance in Gy satisfies:

Ry(u,v) < R(u,v),

where Ry(u,v) is the effective resistance in Gy and R(u,v) is the original effective resistance

mng.
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Proof. Let G = (V, &) be the original graph and Gy = (WU F,E U &y) be the augmented
graph with fractal nodes, where F is the set of fractal nodes and &£ is the set of edges
connecting nodes to fractal nodes.

Following [189], we express the effective resistance in terms of path decomposition:

> 1 .. 1 .. 2 .
Re(u,v) = Ay + —— (A% — —— (A% | & 5.20
£ (u,v) ;(degu( ) degv( ¥) degudegv( ) ) (5.20)

where A ¢ is the normalized adjacency matrix of Gy.
Let Py be the set of all paths connecting v and v in G¢. The effective resistance can be
expressed as:
R¢(u,v) = min Z Tays (5.21)

where 1, is the resistance of edge (z,y).

By Rayleigh’s monotonicity principle [189], since Gy contains all edges of G plus additional
edges through fractal nodes, adding these edges can only decrease the effective resistance
between any pair of nodes. Therefore:

Ry(u,v) < R(u,v). (5.22)

O

5.8.2.3 Proof of Theorem [5.4.2]

Theorem 6.4.2 (Signal propagation with fractal nodes). For an MPNN with fractal nodes,
the signal propagation between nodes u,v after £ layers satisfies:

1R = RO < exp(—€/ Ry (u, v)[[AE = h{V|),
where Ry (u,v) is the effective resistance in the augmented graph with fractal nodes.

Proof. First, the message passing process in MPNN (i.e., GCN) with fractal nodes can be
expressed as:

WD = o [ Wh + 3

1
S ——
vty Vdegydeg,

hO +wenl |, (5.23)

where hgf) is the fractal node representation. To analyze the signal propagation, we consider
the continuous-time analog by removing the nonlinearity o:

d

ahv(t) = —Lh,(t), (5.24)
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The solution to this differential equation is:
B (t) = exp(—tLy)ho(0), (5.25)

The signal difference between two nodes u, v is bounded as follows:

A () = ho ()] = [[(exp(=tLif)) (7 (0) — R (0))] (5.26)
< [lexp(=tL)[| - [|hu(0) — by (0)]] (5.27)
< exp(—t/ Ry (u, ))|[hu(0) = hy(0)]] (5.28)

The last inequality comes from the spectral bound related to the effective resistance
R (u,v) in the graph augmented with fractal nodes. Mapping back to the discrete layer steps
by setting ¢ = £, we obtain our desired bound:

155 = P < exp(—¢/Ry(u, 0))[|h — R, (5.29)

This provides the worst-case signal propagation bound in the graph with fractal nodes. By
the previously proven Theorem we know that Ry(u,v) < R(u,v); thus, fractal nodes
provide better signal propagation guarantees than the original graph. O

Corollary 5.8.2 (Improved signal propagation). Since Ry(u,v) < R(u,v) by the Resistance
Reduction theorem, fractal nodes improve the worst-case signal propagation bound compared
to the original graph:

exp(—t/ Ry (u,v)) < exp(—t/ R(u, v)).

5.8.2.4 Total Resistance Analysis

Theorem 5.8.3 (Total Resistance with Fractal Nodes). Let Gy be the graph augmented with
C fractal nodes. The total effective resistance satisfies:

R{ot :n-tr(LJT) =n: Z -

where Ly is the augmented Laplacian and o; are its eigenvalues.

Proof. The total resistance can be expressed through the trace of the pseudo-inverse of
the Laplacian matrix Ly. By construction, Ly has dimension (n + C) x (n+ C) and its
eigendecomposition yields n+C eigenvalues. The pseudo-inverse L;{ has the same eigenvectors
as Ly with reciprocal non-zero eigenvalues, giving us the stated formula. The factor n appears
because we sum over all pairs of the original nodes n. O

Corollary 5.8.4 (Impact of Fractal Node Count). For a graph G augmented with C

fractal nodes, the total resistance decreases with C' as Rfot =n- Z?;C %, where additional

eigenvalues from larger C' decrease the sum. This leads to improved signal propagation bounds
17 — BSP|| < exp(—€/Ry(u,v)).
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5.8.3 Implementation Details

Metis partitioning for Fractal Node creation. To create fractal nodes, we employ
METIS [236], a graph clustering algorithm known for its excellent balance between accuracy
and computational efficiency. METIS partitions a graph into a predefined number of clusters,
maximizing within-cluster connections while minimizing between-cluster links. This approach
effectively captures the community structure of the graph.

However, using non-overlapping partitions could result in the loss of important edge
information, particularly at the boundaries between partitions. To address this issue and
retain all original edges, we introduce an overlapping subgraph. After the initial METIS
partitioning, we expand each partition to include nodes from neighboring partitions.

Formally, we first apply METIS to partition a graph G into C' non-overlapping subgraphs:
{V1,...,Ve}such that V = {V1U.. .UV} and V;NV; = &, Vi # j, where C is the number of
fractal nodes or subgraphs. Then, we expand these subgraphs to include k-hop neighborhoods:

where N (j) defines the k-hop neighbourhood of node j. This expansion ensures that each
subgraph retains information about its immediate surroundings. The choice of k allows us
to control the degree of overlap between subgraphs. A larger k value increases the overlap,
potentially capturing more global information but at the cost of increased computational
complexity. This overlapping subgraph approach allows our fractal nodes to capture both
local structural details and broader subgraph-level information, enhancing the model’s ability
to learn multi-scale representations of the graph structure.

Instances of our framework. We describe update equations for how our fractal node is
applied to MPNN. The update equation for GatedGCN + FN is the following:

R = o (OB + 3 gatel (b0 © HAWL),

u€N (v)
FED = LPR(RLED) 4 w® - HPF(REHD), (5.31)
hq(fjjl) _ %Sfjl) + fc(é+1)7

gate® (A0

v,

hgf%:) = Sigmoid(WQ(f)th)C + Wg(l))h(z)

u,c?

where o is a ReLU activation function, WO(Z)7 1“), W2(£), éz) are learnable weight matrices,

gate® is a gating mechanism that controls the information flow between nodes.
The update equation for GINE + FN is the following:

D = MLPO (14 €Y nf) + ST o(hlf) +el)),
u€EN (v)
FED = LPF(RED) + w® - HPF (hw, ), (5.32)

B =R + £
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where €® is a learnable scalar parameter, and eva) is a edge hidden vector between node

and v.
Note that the positional encoding scheme and readout function schemes can also be applied
to MPNNs with fractal nodes.

Positional encoding. When integrating our fractal node to MPNN, we incorporate two
distinct positional encodings (PE): an absolute PE for individual nodes and a relative PE
for fractal nodes.

For node-level encoding, we consider dataset-specific approaches. We utilize random-walk
structural encoding (RWSE) for molecular graphs and Laplacian eigenvector encodings for
super-pixel image-based tasks. To enhance robustness, we randomly flip the sign of Laplacian
eigenvectors during training.

Let M € {0, I}CXW| be a binary matrix where each row corresponds to a fractal node
and each column to an original graph node. M;; = 1 if node j belongs to fractal node i,
and 0 otherwise. Then, the coarsened adjacency matrix is computed as A = MM . This
operation effectively counts the number of connections between fractal nodes, where AZ-C;
represents the number of edges between fractal nodes ¢ and j in the original graph. We then
derive a positional encoding p, € R% for each fractal node from this coarsened adjacency
matrix. This encoding is incorporated into the fractal node representation through a linear

transformation:
B =Tp, + OfF) +beR?, (5.33)

where T € R™% and O € R?*? are learnable transformation matrices, and b € R? is a
learnable bias vector.

By incorporating relative positional information between fractal nodes, we enable the FNj,
variant to better use the hierarchical structure of the graph.

5.8.4 Fractal Structure and Node Centrality

In this section, we describe how we calculate the fractal structure of a network by compar-
ing the node centrality distributions between the original graph and its subgraphs using
betweenness centrality. Specifically, we use the Kolmogorov-Smirnov (KS) test to measure
the similarity between these distributions.

Fractality definition. We define the fractality of a graph as the degree to which the
properties of the subgraphs resemble those of the original graph when the graph is partitioned
consistently. In this work, we focus on how the betweenness centrality distribution of the
original graph compares to those of its subgraphs.

Let ¥(z) represent the node centrality distribution function for the original graph, and let
Uo(x),...,Usa(z) represent the centrality distributions for each of the subgraphs obtained by
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partitioning the original graph into 32 subgraphs. We aim to quantify the similarity between
U(z) and the subgraph distributions using the KS test.

Kolmogorov-Smirnov test. The KS test is a non-parametric test that compares the
empirical cumulative distribution function (CDF) ¥,,(x) of the sample (subgraph centrality)
with the CDF W(z) of the reference distribution (original graph centrality). The KS test
statistic D is defined as:

D = sup ¥, (x) ~ V(a)]| (5.34)

where D represents the maximum distance between the two CDFs. A smaller D value
indicates higher similarity between the two distributions.

Similarity metric. We define the similarity between the original graph and a subgraph
as 1 — D, where D is the KS test statistic. Therefore, a higher 1 — D value implies greater
similarity. For each graph, we compute the similarity for all C' subgraphs, yielding C' similarity
values.

Fractality calculation. In our structural fractality evaluation, we identify the subgraph
whose centrality distribution is most similar to that of the original graph. This is because not
all subgraphs need to exhibit structural similarity for the graph to be considered fractal-like;
the presence of one or more highly similar subgraphs is indicative of fractality. Thus, we take
the maximum of the C similarity values (1 — D) as a structural similarity score for the graph:

Similarity Score = max(1 — D;), (5.35)

where D; is the KS test statistic for the i-th subgraph. This approach allows us to compute
the structural similarity score for a single graph based on betweenness centrality.

5.8.5 Detailed Discussion on Section [5.5.2]

To thoroughly analyze the role of positional encodings (PEs) and fractal nodes in model
expressivity, we conducted extensive ablation studies analyzing different combinations of
structural components. Table shows results across three synthetic datasets (CSL, SR25,
EXP) designed to test model expressiveness.

Our ablation study reveals several important insights about the interplay between posi-
tional encodings and our method. Without PEs, base MPNNs (GCN, GINE, GatedGCN)
consistently show limited expressiveness across all datasets, achieving only 10.00% on CSL,
6.67% on SR25, and approximately 51-52% on EXP. Adding PEs substantially improves
base model performance, as evidenced by GCN’s significant improvements from 10.00% to
76.17% on CSL and from 52.17% to 100% on EXP.
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Notably, even without any positional encodings, our fractal node variants demonstrate
significantly enhanced expressivity. GINE+FNj; achieves 47.33% on CSL and 95.58% on
EXP without any PE, while GatedGCN+FN,; reaches 49.67% on CSL. All FNj; variants
achieve 100% on SR25 regardless of PE configuration, and this indicates that our method
provides inherent structural awareness independent of positional encodings.

Table. 5-5: Synthetic results (Accuracy 1). The gray-shaded rows represent the results without
using PE and are the fairest to compare against.

Ablation Dataset

Method

PE (Original Graph) PE (Coarsened Graph) CSL SR25 EXP
GCN X N/A 10.00 6.67  52.17
GCN v N/A 76.17 100.0 100.0
GINE X N/A 10.00 6.67 51.35
GINE v N/A 100.0 100.0 100.0
GatedGCN X N/A 10.00 6.67 51.25
GatedGCN v N/A 100.0 100.0 100.0
GCN + FNas X X 39.67 100.0 86.40
GCN + FNu X v 76.17 100.0 100.0
GCN + FNy 4 X 100.0 100.0 100.0
GCN + FNy 4 v 100.0 100.0 100.0
GINE + FNy X X 47.33 100.0 95.58
GINE + FNy, X 4 84.83 100.0 100.0
GINE + FNy v X 100.0 100.0 100.0
GINE + FNy, v v 100.0 100.0 100.0
GatedGCN + FNas X X 49.67 100.0 96.50
GatedGCN + FNy X v 81.83 100.0 100.0
GatedGCN + FNas v X 100.0 100.0 100.0
GatedGCN + FNjy v v 100.0 100.0 100.0
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5.8.6 Experimental Details on Graph-level Tasks

In this section, we provide further details about our experiments.

5.8.6.1 Dataset Description

We provide the descriptions and statistics of all datasets used in our experiments.

Peptides-func & Peptides-struct. (CC BY-NC 4.0 License) |139]: These datasets com-
prise 16K atomic peptide graphs from SAT-Pdb, with residues as nodes. They differ in their
graph-level tasks: PETIDES-FUNC is a multi-label classification task with 10 nonexclusive
functional classes, while PEPTIDES-STRUCT involves regression on 11 3D structural properties.
Dataset splitting utilizes a meta-class holdout approach based on the original peptide labels.

MNIST & CIFAR10. (CC BY-SA 3.0 and MIT License): These datasets adapt popular
image classification tasks to graph classification. Images are converted to graphs using
super-pixels, representing homogeneous intensity regions. Both are 10-class classification
tasks following standard splits: 55K /5K /10K for MNIST and 45K /5K /10K for CIFAR10
(train/validation/test).

Molhiv & Moltox21. (MIT License) [141]: These molecular property prediction datasets
use common node and edge features representing chemophysical properties, pre-processed
with RDKit [266]. Molecules are represented as graphs with atoms as nodes and chemical
bonds as edges. Node features are 9-dimensional, including atomic number, chirality, and
other properties. Predefined scaffold partitions are used: MorLT0Xx21 6K /0.78K/0.78K and
MorHrv 32K /4K /4K for training/validation/test.

CSL. CSL [247] is a synthetic dataset testing GNN expressivity, containing 150 4-regular
graphs in 10 isomorphism classes. These graphs, indistinguishable by 1-WL tests, form cycles
with skip-links. The task is to classify them into their respective isomorphism classes.

EXP. EXP [248] consists of 600 graph pairs that 1&2-WL tests fail to distinguish, aiming
to classify these into two categories.

SR25. SR25 [249] consists of 15 strongly regular graphs (3-WL indistinguishable) with 25
nodes each, forming a 15-way classification problem.

TreeNeighbourMatch. Proposed by Alon and Yahav [10], this synthetic dataset highlights
over-squashing in MPNNs. It uses binary trees of depth r (problem radius), requiring
information propagation from leaves to a target node for label prediction, thus demonstrating
over-squashing issues.
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5.8.6.2 Hardware Specifications and Libraries

We have implemented our method using PYTORCH-GEOMETRIC, and built on the source
code of Rampések et al. [222]| and He et al. [144]T] All experiments were performed using
the following software and hardware environments: UBUNTU 18.04 LTS, PyTHON 3.7.13,
PyTorcH 1.12.1, PYTORCH GEOMETRIC 2.5.2, TORCH-SCATTER 2.1.0, TORCH-SPARSE
0.6.16, Numpy 1.24.3, METIS 0.2a5, CUDA 11.3, NVIDIA Driver 465.19, 19 CPU, NVIDIA
RTX 3090/A6000.

5.8.6.3 Setup & Hyperparameters

We use the same learning rates and weight decay to GCN, GINE, and GatedGCN, and the
hyperparameters we considered are shown in Tables to The experimental results of
MPNN are the same as the results using positional encoding, and we use the setup of He
et al. [144].

In Tables [5-6] to [5-8] we report the hyperparameters used in our experiments. Ly, denotes
the number of layers of MLP-Mixer.

Table. 5-6: Hyperparameter search space of fractal nodes for benchmark datasets

Hyperparameters Search Space
w? {sc, vC}
C {4, 8, 16, 32}
HPF {True, False}
k-hop {0, 1, 2}
L {2,3,4,5,6,7,8}
L {1, 2, 4}

3https://github.com/rampasek/GraphGPS
4https://github.com/XiaoxinHe/Graph-ViT-MLPMixer
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Table. 5-7: Best hyperparameter of FN for PEPTIDES-FUNC, PEPTIDES-STRUCT, MNIST,
CIFAR10, MoLHIV, and MoLTox21.

Hyperparameter Method PEPTIDES-FUNC PEPTIDES-STRUCT MNIST CIFAR10 MoLHIV MorTox21

GCN vC SC vC vC vC SC
WO GINE SC VC vC VC sc sc
GatedGCN SC vC VC vC VC SC
GCN 32 32 32 32 32 32
C GINE 32 32 32 32 32 32
GatedGCN 32 32 32 32 32 32
GCN True True True True True True
HPF GINE True True True True True True
GatedGCN True True True True True True
GCN 1 1 1 1 1 1
k-hop GINE 1 1 1 1 1 1
GatedGCN 1 1 1 1 1 1
GCN 4 4 4 7 2 4
L GINE 4 4 4 7 2 4
GatedGCN 4 4 4 7 2 4

Table. 5-8: Best hyperparameter of FN,; for PEPTIDES-FUNC, PEPTIDES-STRUCT, MNIST,
CIFAR10, MoLHIV, and MoLTox21.

Hyperparameter Method PEPTIDES-FUNC PEPTIDES-STRUCT MNIST CIFAR10 MorLHIV MorTox21

GCN vC SC vC vVC vC VvC
wi® GINE sC VC vC VC VC sc
GatedGCN vC SC vC vVC vC VvC
GCN 32 32 32 32 32 32
C GINE 32 16 32 32 32 32
GatedGCN 32 32 4 4 32 32
GCN True True True True True True
HPF GINE True True True True True True
GatedGCN True True False True True True
GCN 1 1 1 1 2 1
k-hop GINE 1 1 1 1 2 1
GatedGCN 1 1 1 1 2 1
GCN 4 4 4 7 2 5
L GINE 4 4 4 7 2 4
GatedGCN 4 4 4 8 2 5
GCN 2 2 4 1 2 4
L GINE 2 2 4 1 2 4
GatedGCN 2 2 4 1 2 4
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5.8.7 Experimental Details on Large-scale Node Classification
5.8.7.1 Implementation for Node Classification

While our main experiment focuses on graph-level tasks, our fractal node method can be
naturally extended to node classification tasks. The key distinction lies in how we use
the processed fractal node representations from the MLP-Mixer layer to make node-level
predictions rather than graph-level ones.

For graph-level tasks, as shown in Equation , the fractal nodes are mixed through the
MLP-Mixer to produce

F = MLPMixer(F(), FE) = [fB) gl gl (5.36)

These mixed representations are then used directly for graph-level prediction via global
pooling.

For node classification, however, we need to propagate this mixed global information
back to individual nodes. After the MLP-Mixer processes the C fractal nodes according
to Equations and , we obtain F(X) e RE¥d These processed fractal node
representations need to be aligned with all nodes in their respective subgraphs.

Let V. be the set of nodes in subgraph c. For each node v € V., we update its final
representation by combining its current features with the processed fractal node information
from its corresponding subgraph:

p{final) — p(D) 4 F(L) -y ey, (5.37)

where fc(L) is the c-th row of F(X) corresponding to the fractal node of subgraph c. This
operation ensures that each node receives the processed global context from its subgraph’s
fractal node and maintains consistency with our method while adapting it for node-level
predictions.

In implementation, this process can be efficiently vectorized using a batch membership
index that maps each node to its corresponding fractal node representation. This adaptation
allows our fractal node framework to effectively handle both graph-level and node-level tasks
while maintaining its computational efficiency and theoretical properties.

5.8.7.2 Dataset Description

We consider a collection of large-scale graphs released by the Open Graph Benchmark
(OGB) [142]: ogbn-arxiv and ogbn-products with node numbers 0.16M and 2.4M, respectively.
We maintain all the OGB standard evaluation settings.

ogbn-arxiv. (0ODC-BY License) [142]: ogbn-arxiv is a citation network among all Computer

Science (CS) papers on Arxiv, as noted by Hu et al. [142]. In this network, nodes represent
individual Arxiv papers, with edges denoting citation relationships between them. Each paper
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is linked to a 128-dimensional feature vector, derived by averaging the word embeddings
from its title and abstract. These embeddings are created using WORD2VEC. The aim is to
predict the subject areas of CS papers on Arxiv, focusing on 40 distinct subject areas. We
employ the split method from Hu et al. [142], training on papers up to 2017, validating with
2018 publications, and testing on papers published from 2019.

ogbn-products. (Amazon License) [142]: ogbn-products dataset is a large-scale undirected
graph representing Amazon’s product co-purchasing network, where nodes correspond to
products and edges indicate co-purchase relationships. Each node is associated with a feature
vector derived from bag-of-words representations of product descriptions, and the task is
to classify products into 47 top-level categories. To better reflect real-world scenarios, the
dataset uses a sales-based split: nodes are sorted by popularity, with the top 8% used for
training, the next 2% for validation, and the rest for testing — simulating a setting where
labels are available only for the most popular products.

5.8.7.3 Setup & Hyperparameters

Baselines. Our main focus lies on classic MPNNs: GCN [22], and GraphSAGE [41];
the state-of-the-art scalable graph Transformers: GraphGPS [222], NAGphormer [259)],
Exphormer [231], NodeFormer [260], DiffFormer [261], PolyNormer [267], and SGFormer [263|;
hierarchical methods: HC-GNN (242, ANS-GT [246], and HSGT [244]; MLP-based method:
LINKX [30].

Table. 5-9: Best hyperparameter of FN for ogbn-arxiv and ogbn-product

Hyperparameter Method ogbn-arxiv ogbn-product
) GCN SC sSC

wWe GraphSAGE SC VvC

c GCN 64 32
GraphSAGE 64 32

HPE GCN True True
GraphSAGE True True

d GCN 512 1
GraphSAGE 256 1

I GCN 5 4
GraphSAGE 4 4

Setting. We conduct hyperparameter tuning on classic MPNNs, which is consistent with
the hyperparameter search space of Deng et al. [262]. Specifically, we use the Adam optimizer
with a learning rate from {0.001, 0.005, 0.01} and an epoch limit of 2500. We tune the hidden
dimension from {64, 256, 512}. We consider whether to use batch or layer normalization,
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residual connections, and dropout rates from {0.2, 0.3, 0.5, 0.7}, the number of layers from
{1,2,3,4,5,6,7,8,9, 10}, and C from {32, 64, 128}.

5.8.8 Scalability Analysis of of Fractal Node

To evaluate the efficiency and scalability of our FN integrated GCN model, we conducted
experiments on synthetic Erdos-Renyi [268|] graphs with node counts ranging from 1,000 to
100,000. The edge probability in the Erdos-Renyi network is set to achieve an average node
degree of approximately 5, with the node feature dimension fixed at 100.

Figure represents that the GPU memory usage of GCN+FN increases linearly with
the graph size and validates its linear space complexity. Figure [5.7(b)|[ shows the training
time for both GPU and CPU implementations. The GPU training time exhibits a sub-linear
growth trend as the graph size increases. This means the ability of fractal nodes to effectively
use GPU parallelism for large-scale graph computations. In contrast, the CPU training time
grows linearly with the graph size and indicates the sequential nature of CPU computations
and its limitations in handling large-scale parallel graph operations.

The results demonstrate that the GPU device (RTX A6000 used in our experiments)
efficiently handles the computational workload on varying graph sizes. These observations
validate the scalability and practicality of our proposed GCN+FN model, particularly for
large-scale graph learning tasks where both memory efficiency and computational speed are
critical.

~ 100 —ll—- GPU Memory Usage (GB) —@— GPU Training Time (s)

) “ CPU Training Time (s)

g g 107!

610! =

€

S o

2 £

E 10-2 g 1072
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103 10% 10° 103 10% 10°
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(a) Memory Usage vs. Graph Size (b) Training Time vs. Graph Size

Figure. 5-7: GPU memory usage and training time of GCN+FN on synthetic graphs.

5.8.9 Ablation, Sensitivity and Additional Studies
5.8.9.1 Impact of HPF

We use both LPF and HPF to create fractal nodes, as shown in Equation ([5.5). We analyze
the cases when wy) is 0, i.e., with and without HPF. Our results are reported in Table

and we obtain the best performance when using HPF in almost all cases.
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5.8.9.2 Impact of type of wg)

When creating a fractal node, we can use a learnable scalar parameter (denoted as ‘SC’) or
a learnable vector parameter (denoted as ‘VC’) to make the contribution of high-frequency
components. We report the results in Table

5.8.9.3 Comaprison to Graph Rewiring Methods

We compare our fractal nodes to no graph rewiring and 4 other state-of-the-art rewiring
methods: DIGL [11], SDRF [185], FoSR [12], and BORF [12]. We also add the recent method,
PANDA [180], to alleviate over-squashing without rewiring and the state-of-the-art method,
LASER [194]. We replicate the experimental settings of Dwivedi et al. [139] and use the
results from Barbero et al. [194]. We choose the hidden dimension to respect the 500k
parameter budget. In our fractal node, we opt out of the positional encodings for a fair
comparison.

5.8.9.4 Comaprison to Virtual Node Methods

To provide a comprehensive comparison with the existing virtual node method, we compare
with the two virtual node methods by Hu et al. [141] (denoted as ‘virtual node’) and
Rosenbluth et al. [269] (denoted as “VN’). As shown in Table both FN and FNj,
outperform the GCN and GIN models augmented with virtual nodes from Hu et al. [141] on
MoLHIV and MoLTo0x21. On the Peptides datasets, our methods show competitive results
with the VN method of Rosenbluth et al. [269).

5.8.9.5 Sensitivity to C'

The analysis of sensitivity to the number of fractal nodes (C) reveals distinct performance
patterns in various datasets. As shown in Figure for PEPTIDES-FUNC and PEPTIDES-
STRUCT, there is relatively stable performance across different C' values, with GINE4FN
consistently outperforming the baseline GINE4+FN. In MNIST, both GINE variants show an
upward trend as C increases, with GINE+4-FNj; achieving peak accuracy at C = 32.

The optimal results are typically achieved at C' = 32, which indicates that graph tasks
benefit from finer-grained subgraph partitioning and additional mixing operations in FNy;.
Overall, the results indicate that larger C values (16 or 32) generally yield better performance
for most datasets.

5.8.9.6 Additional Results on All-layer Fractal Node Message Passing

While our main FNj; design uses an MLP-Mixer in the final layer for fractal node interactions,
we also explored an alternative approach with message passing between fractal nodes across
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Table. 5-12: Comparison to virtual node methods.

Method

PEPTIDES-FUNC

PEPTIDES-STRUCT

MoLHIV

MovrTox21

AP 1

MAE |

ROCAUC 1

ROCAUC ¢

GCN + virtual node [141
GIN + virtual node \

0.7599+0.0119
0.7707+0.0149

0.7551+0.0100
0.7621+0.0062

GCN + VN

0.6732+0.0066

0.2505+0.0022

GatedGCN + VN [269 0.6823£0.0069 0.2475+0.0018 - -

GCN + FN 0.6802+0.0043 0.253040.0004 0.756440.0059  0.7670+0.0073
GINE + FN 0.6815-+0.0059 0.2515-+0.0020 0.7890+0.0104  0.775140.0029
GatedGCN + FN 0.6778+0.0056 0.2536+0.0019 0.796740.0098  0.775940.0054
GCN + FNjy 0.6787+0.0048 0.2464+0.0014 0.786640.0034  0.788240.0041
GINE + FNjy 0.7018+0.0074 0.2446+0.0018 0.8127+0.0076  0.7926+0.0021

GatedGCN + FNj, 0.6950-+0.0047 0.2453+0.0014 0.8097+0.0047  0.792240.0054
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Figure. 5-8: Sensitivity to C' with GINE.

all layers (denoted as FN4). This analysis aims to empirically validate our architectural
choice.

Table compares 3 variants: i) FN: is a base MPNN with no explicit fractal node
interactions; ii) FN4 is an all-layer message passing between fractal nodes; and iii) FNj; is
MLP-Mixer in the final layer only (our proposed approach). The results show that while FN 4
shows some improvements over the base FN model in certain cases (e.g., MOLHIV accuracy
improves from 0.7564 to 0.7783 for GCN), it consistently underperforms compared to our
proposed FNj; design. This pattern holds across different base architectures (GCN, GINE,
GatedGCN) and datasets.

These empirical results validate our design choice of using MLP-Mixer in the final layer
rather than implementing message passing between fractal nodes throughout all layers. This
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Table. 5-13: Comparison on FN, FN 4 and FNp,

Method PEPTIDES-FUNC PEPTIDES-STRUCT MorLHIV MorTox21
AP 1 MAE | ROCAUC 1t ROCAUC 7t
GCN + FN 0.6802+0.0043 0.2530-£0.0004 0.7564+0.0059 0.7670+0.0073
GCN + FN4 0.6582+0.0032 0.2531+0.0008 0.7783+0.0164 0.7600=+0.0037
GCN + FNjp, 0.6787+0.0048 0.2464+0.0014 0.7866+0.0034 0.7882+0.0041
GINE + FN 0.6815+0.0059 0.2515+0.0020 0.7890+0.0104 0.7751+0.0029
GINE + FN4 0.6660-+0.0067 0.2530+0.0011 0.8025+0.0100 0.7680=+0.0056
GINE + FNy, 0.7018+0.0074 0.2446+0.0018 0.8127+0.0076 0.7926-+0.0021

GatedGCN + FN
GatedGCN + FN4
GatedGCN + FNj,s

0.6778+0.0056
0.6658+0.0048
0.6950+0.0047

0.2536+0.0019
0.2531+0.0009
0.2453+0.0014

0.7967+0.0098
0.7898+0.0065
0.8097+0.004a7

0.7759+0.0054
0.7642+0.0050
0.7922+0.0054

result indicates that the flexible mixing capabilities of the MLP-Mixer provide more effective
fractal node interactions compared to explicit message passing approaches.

5.8.10 Effective Resistance and Signal Propagation

Effective resistance and signal propagation. Derived from the field of electrical
engineering, the effective resistance between two nodes u and v in an electrical network is
defined as the potential difference induced across the edges when a unit current is injected
at one of each end [197]. Intuitively, it provides a physical measure of the ease of signal
flow from one end to the other. Rayleigh’s monotonicity principle, which says that adding
paths or shortening existing paths can only decrease the effective resistance between two
nodes [198], leads to the following interpretation: more and shorter disjoint paths connecting
the nodes u and v lead to a lower resistance between them [189) [199]. Therefore, edges
with higher effective resistance have fewer alternative paths or shortcuts for signals passing
through that edge and thus struggle to propagate information, causing bottlenecks. The
total effective resistance Ry,:, the sum of the effective resistance among all pairs of nodes
(see Equation ), is a key measure for measuring the overall degree of over-squashing
across a graph.

Total effective resistance.
by

The resistance between nodes u and v in the graph is given

Ruw = (1, — 1,)TLT(1, — 1), (5.38)

where L is a Laplacian matrix, 1, and 1,, are indicator vectors for node u and v, respectively.
Total effective resistance, Ry, is defined as the sum of effective resistance between all pairs
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of nodes :

Rt = Y Ryp = n-Tr(LT) = nz o (5.39)

u>v

where ); is the i-th eigenvalues of L and LT is the pseudoinverse of L.

Signal propagation w.r.t. effective resistance. Here, we outline the experimental
details for measuring signal propagation with respect to the normalized total effective
resistance of the graphs. First, we randomly select a source node v € V, an entire node
set, and assign d-dimensional feature vector to it, while all other nodes are initialized with
zero vectors. Then, the amount of signal that has been propagated over the graph by the
randomly initialized model with ¢ layers is given by

ROt

hY — u,v), (5.40)
dmaxwgv kg(u,v) ;;} I Z)t”

where (" is the t-th feature of d-dimensional feature vector of node wu at layer ¢ and kg (u,v)
is the distance between two nodes u and v, computed as a shortest path. Every unitary

().t / ||h(£) Y| propagated across the graph G from the source node v is weighted by

signal hy,
the normalized propagation distance kg(u,v)/ maxy,-, de(u,v) for all nodes u # v and then
averaged over entire d output channels. To estimate the total effective resistance of the graph,
10 nodes are randomly sampled from each graph, and the total effective resistance of the

graph is estimated for each source node. The final hg)

and total resistance of the graph are
obtained by averaging across the 10 sampled nodes. The experiment is repeated for every
graph in the dataset, and the signal propagation measured for each graph is plotted against
the normalized total effective resistance of the corresponding graph.

In Figures to [5-11] we report the results of this analysis.

1 1 1
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Figure. 5-9: The amount of signal propagated across the graphs w.r.t. the normalized Ry,; in
PEPTIDES-STRUCT.
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Figure. 5-10: The amount of signal propagated across the graphs w.r.t. the normalized R
in MoLHIV.
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Figure. 5-11: The amount of signal propagated across the graphs w.r.t. the normalized R;,;
in MoLTox21.
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5.8.11 Distribution Analysis of Subgraph Size Ratio

We analyze the distribution of subgraph size ratios produced by METIS partitioning across
different numbers of partitions (C) and datasets.

In general, as C' increases from 2 to 32, the average subgraph size ratio naturally decreases
since each partition contains a smaller portion of the original graph. The width of the
distributions generally increases with C, indicating more variance in partition sizes with finer
granularity. Most datasets show roughly normal or slightly skewed distributions around the
expected mean ratio of 1/C.

As shown in Figure PEPTIDE-FUNC/STRUCT shows relatively tight, symmetric
distributions. It indicates that METIS creates balanced partitions for molecular graphs.
CIFAR10 and MNIST show distinct bimodal patterns, especially at C = 16 and C = 32,
likely due to the regular grid-like structure of superpixel graphs (See Figure and
Figure . As shown in Figure and Figure MotrHi1v and MoLTo0x21 show
broader distributions, particularly at higher C' values, reflecting the more heterogeneous
nature of these molecular graphs.

The consistent distributions for molecular datasets indicate METIS partitioning is well-
suited for these graph types. The bimodal distributions in image-based graphs indicate the
natural clustering of superpixels into regions of different sizes. Higher C values (i.e., 16, 32)
generally maintain reasonable balance while allowing for more fine-grained capture of graph
structure.
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5.8.12 Connection to Renormalization Techniques

Our fractal nodes method draws inspiration from renormalization group techniques in physics,
where complex systems are analyzed on different scales. While this connection is conceptual,
the fundamental idea of scale transformation provides intuition for our approach. The
renormalization involves replacing groups of interacting components with effective units.
Similarly, our fractal nodes summarize subgraph information, although we maintain these
summary units as fractal nodes alongside the original graph structure rather than replacing
them.

From a complex network perspective, fractal nodes facilitate a transition from scale-
free fractal networks to small-world networks. Similar to the renormalization techniques
described by Wei et al. [270], our FN; method introduces long-range interactions between
the fractal nodes, giving small-world properties to the network [271]. We extend beyond
renormalization in 3 aspects: (i) preserving the original structure while adding fractal nodes,
(ii) enabling adaptive information flow through learned parameters, and (iii) maintaining
exchange between local and global scales.

This architecture enables efficient information propagation through several mechanisms.
The fractal nodes act as “shortcuts” in the network, reducing the effective distance information
must traverse. Maintaining local and summarized representations enables simultaneous
processing at multiple scales while preserving local network characteristics. This multi-scale
processing capability addresses the over-squashing problem by facilitating efficient global
information flow without sacrificing local structural information.

The key differences between our approach and classical renormalization highlight the
factors we introduce specifically for graph learning tasks. While traditional renormalization
uses fixed transformation rules in a unidirectional manner (fine to coarse), our method learns
adaptive representations through trainable parameters and enables bidirectional information
exchange. This creates a more flexible framework that captures complex relationships in
graph-structured data while maintaining computational efficiency.

5.8.13 Different Partitioning Algorithms

To verify the effectiveness of partitioning other than METIS partitioning, we conduct experi-
ments applying FN and FN,; to GINE on PEPTIDES-FUNC, PEPTIDES-STRUCT, MOLHIV, and
MoLTox21 datasets using random partitioning and Louvain [264] and Girvan-Newman [265]
partitioning.

In Table[5-14] our results provide a comprehensive comparison of different graph partitioning
methods for GINE with FN and FNj; architectures on multiple molecular and peptide
datasets. METIS consistently shows superior or competitive performance on all datasets.
It achieves the best results in most cases, such as 0.6815 AP on PEPTIDES-FUNC with
GINE+FN and 0.7018 AP with GINE+FNj,;. While random partitioning shows surprisingly
competitive performance, particularly on MOLH1V where it achieves 0.8039 ROCAUC with
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GINE+FN, community detection algorithms such as Louvain and Girvan-Newman generally
underperform compared to METIS and random partitioning. The performance gap between
different partitioning methods becomes more pronounced when using FNj; compared to FN.
METIS shows more stable performance with lower standard deviations across all metrics. For
molecular property prediction tasks, the choice of partitioning method appears less critical.
However, on PEPTIDES-FUNC and PEPTIDES-STRUCT, METIS shows clear advantages with
consistently lower MAE scores. These findings validate our choice of METIS as the default
partitioning algorithm while suggesting that the optimal partitioning strategy may depend
on the specific graph structure and task requirements.

In Table the analysis of results on ogbn-arxiv provides additional insights into
partitioning methods on large scale graph datasets. The performance differences between
partitioning methods are relatively small, with scores ranging between 72.46% and 73.03%
accuracy. For GCN+FN, METIS achieves the best performance at 73.03%, while random
partitioning performs best for GCN+FN,; at 73.01%. GraphSAGE shows slightly lower
performance compared to GCN across all partitioning strategies, with Louvain partitioning
achieving the best results at 72.76% for GraphSAGE+FN. Interestingly, the Girvan-Newman
algorithm consistently times out on this dataset, indicating scalability issues with larger
graphs such as ogbn-arxiv. The standard deviations are generally smaller for GraphSAGE
compared to GCN, suggesting more stable performance across different random seeds. These
results further support that METIS remains competitive.

Table. 5-14: Comparison of different graph partitioning methods for GINE with FN and FN,
architectures on PEPTIDES-FUNC/STRUCT and molecular property prediction tasks. Best
results for each metric are shown in bold.

e PEPTIDES-FUNC  PEPTIDES-STRUCT MovLHIV MovrTox21
Method Partitioning

AP 1 MAE | ROCAUC 1 ROCAUC 1
METIS 0.6815+0.0059 0.2515+0.0020 0.7882+0.0050 0.7751+0.0029

GINE + FN Randgm 0.6533+0.0103 0.26884-0.0014 0.8039+0.0078  0.765340.0065
Louvain 0.6044+0.0068 0.279940.0015 0.7844+0.0050 0.7701+40.0026
Girvan-Newman 0.6528+0.0051 0.262840.0045 0.7837+0.0078 0.763040.0060
METIS 0.7018+0.0074 0.2446+0.0018 0.8127+0.0076 0.7926+0.0021

GINE + FNy, Randqm 0.6680+0.0066 0.253840.0013 0.8090+0.0061 0.7867+0.0045
Louvain 0.6164+0.0120 0.278940.0022 0.7629+0.0164 0.751040.0118
Girvan-Newman 0.6514+0.0064 0.265540.0037 0.7763+0.0174 0.757940.0097

Table demonstrates the empirical runtime performance of different graph partitioning
algorithms across various graph-level tasks, providing evidence for the practicality of our
approach. While all algorithms show comparable performance on smaller datasets like Peptides
(with runtimes in microseconds), noticeable differences emerge starting with medium-sized
datasets like MNIST.

The distinction becomes particularly pronounced on large-scale datasets like ogbn-arxiv.
We opt for METIS as our default partitioning algorithm due to its theoretical time complexity
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Table. 5-15: Comparison of different graph partitioning methods for GCN/GraphSAGE with
FN and FNj; on ogbn-arxiv dataset. Results show accuracy (%) and best results for each
metric are shown in bold.

ogbn-arxiv GCN + FN  GCN + FNps  GraphSAGE 4+ FN  GraphSAGE + FNjs
METIS 73.03+0.37 72.93+0.35 72.70+0.11 72.54+0.30
Random 72.79+0.37 73.01+0.41 72.46+0.20 72.46+0.27
Louvain 72.73+0.57 72.95+0.26 72.76+0.15 72.56+0.58
Girvan-Newman Time-out Time-out Time-out Time-out

of O(|E]) and superior empirical performance. METIS efficiently partitions large graphs
such as ogbn-arxiv in under 9 seconds, and even handles massive graphs like ogbn-products
around 15 minutes.

In contrast, the Louvain algorithm requires over 50 seconds for ogbn-arxiv, while the
Girvan-Newman algorithm encounters runtime limitations, making it impractical for large-
scale graphs like ogbn-arxiv and ogbn-products. These results validate our choice of METIS as
the primary partitioning algorithm, as it provides an effective balance between computational
efficiency and partition quality across different graph scales.

Table. 5-16: Empirical runtime of partitioning algorithms.

Algorithm PEPTIDES-FUNC/STRUCT ~MNIST MoOLHIV  ogbn-arxiv  ogbn-product
METIS 0.71 ps 0.36 s 0.71pus 8.57 s 923.27 s
Louvain 1.19 ps 0.36 s 1.19us 52.12s 119 m
Girvan-Newman 1.19 ps 0.36 s 0.72us Time-out Time-out
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Chapter 6

Conclusion

In this thesis, we studied two of the most fundamental challenges in deep learning on graphs

— over-smoothing and over-squashing — and proposed a set of principled solutions grounded
in theoretical insights and inspired by physics and multi-scale systems. Specifically, we intro-
duced GREAD, a reaction-diffusion-based GNN architecture that maintains discriminative
node representations in deep networks, and GFSA, a novel graph filter-based self-attention
mechanism that extends these benefits to Transformer models. On the other hand, to ad-
dress over-squashing, we proposed PANDA, a width-aware message passing strategy, and
Fractal Nodes, a mechanism for long-range communication inspired by naturally occurring
hierarchical structures.

Through extensive experiments on various homophilic and heterophilic benchmarks, we
have demonstrated that our models not only outperform existing baselines but also provide
deeper insight into the dynamics of signal propagation in graph networks. Our methods
strike a practical balance between scalability and expressiveness — qualities often seen as
mutually exclusive in graph learning models.

However, several limitations remain. Although our models scale linearly in complexity,
they still require careful tuning of hyperparameters, particularly in determining reaction
coefficients and integration steps in continuous GNN models, such as GREAD. Additionally,
the behavior of our frameworks on dynamic, time-evolving graphs or under adversarial
perturbation warrants further investigation.

Taking a step back, this thesis highlights a broader vision: that graph-structured data is
not only a technical representation but a lens through which we can understand, predict,
and ultimately shape the world. From protein interaction networks to social dynamics, from
road traffic to knowledge graphs, the structures we study reflect real-world complexity. Deep
learning on graphs, when properly guided, becomes not just a tool for modeling but a method
for reasoning about relational structure.

Looking forward, we identify the following promising directions:

e Foundation Models for Graphs: Inspired by the success of large language models (LLMs),
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future work could explore the development of pre-trained foundation models for graphs.
Such models would be trained across diverse graph modalities and tasks, and then
adapted via fine-tuning or prompting to downstream applications — analogous to GPT-
style models in NLP. Incorporating graph-specific inductive biases (e.g., permutation
invariance, hierarchy, multi-hop relations) into scalable pretraining frameworks remains

a critical challenge and opportunity.

e Graph-Language Integration: Another frontier lies in bridging structured graph data
with unstructured language, enabling joint models that understand, reason over, and
generate graph-structured knowledge. This could open the door to novel applications
in scientific discovery, knowledge base completion, and explainable Al

For reproducibility and the benefit of the community, we make the algorithms, datasets, and
additional resources used throughout this thesis available at www.jeongwhanchoi.com.

To conclude, this thesis not only contributes specific algorithmic improvements to the field
of graph representation learning but also provides a conceptual foundation for how we might
rethink depth, structure, and information flow in graph-based systems.
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