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• Graphs are a general language for describing and anlyzing entities 
with relationships/interactions
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• Graphs are a general language for describing and anlyzing entities 
with relationships/interactions
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Modern ML Toolbox
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• Modern deep learning toolbox is designed for 
sequences & grids



Why is Graph Deep Learning Hard?
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• Networks are complex.
• Arbitrary size and complex topological structure (i.e., no spatial locality like 

grids)

• No fixed node ordering or reference point

• Often dynamic and have multimodal features



Graphs are the New Frontier of Deep Learning
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• How can we develop neural networks that are more broadly 
applicable?

Top 50 keywords in submitted research papers at ICLR 2022 (source) Top 50 keywords in submitted research papers at ICLR 2024 (source)

https://github.com/fedebotu/ICLR2022-OpenReviewData?ref=assemblyai.com
https://github.com/hughplay/ICLR2024-OpenReviewData


Tasks on Graphs
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Node-Level Task

13



Example
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• Computationally predict a protein’s 3D structure based solely on its 
amino acid sequence:
• For each node predict its 3D coordinates



AlphaFold: Impact
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AlphaFold: Impact
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• Key idea: “Spatial graph”
• Nodes: Amino acids in a protein sequence

• Edges: Proximity between amino acids (residues)



Link-Level Prediction Task
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• The task is to predict new/missing/unknown links based on the 
existing links.
• At test time, node pairs (with no existing links) are ranked, and top 𝐾 node 

pairs are predicted.

• Task: Make a prediction for a pair of nodes.



Recommender Systems
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• Users interacts with items



Drug-Drug Interactions
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• Many patients take multiple drugs to treat complex or co-existing 
diseases:
• 46% of people ages 70-79 take more than 5 drugs

• Many patients take more than 20 drugs to treat heart disease, depression, 
insomnia, etc.

• Task: Given a pair of drugs predict adverse side effects



Drug-Drug Interactions – Contd.
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Jeong, Yeon Uk, et al. "Predicting drug-drug interactions: a deep learning approach with GCN-based collaborative filtering." 
Artificial Intelligence in Medicine (2025): 103185.



Mesh Graph-based Simulation
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• Learned simulation model with very desirable properties:
- Strong generalization
- Graph models which scale
- Speed : 10-100x faster than ground truth simulator



Mesh Graph-based Simulation – Contd.
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Climate Modeling

23
“Climate Modeling with Neural Diffusion Equations”, In ICDM 2021
“Climate Modeling with Neural Advection–Diffusion Equation”, Knowledge and Information Systems



Traffic Forecasting

24“Graph Neural Controlled Differential Equations for Traffic Forecasting”, In AAAI 2022



Graph Neural Networks



Graph Convolutional Networks (GCNs)
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• Given a graph G with adjacency matrix 𝐀 and degree matrix D, we 
define the normalized adjacency matrix ෩𝐀 as ෩𝐀 = 𝐃−1/2𝐀𝐃−1/2.

• Learn how to propagate information across the graph to compute 
node features

෡𝒀𝐺𝐶𝑁 = softmax ෩𝑨𝑯(𝐾−1)𝜽

ഥ𝑯(𝑘) ← ෩𝑨𝑯(𝒌−𝟏)

Kipf, T. N. "Semi-supervised classification with graph convolutional networks." ICLR 2017
Wu, Felix, et al. "Simplifying graph convolutional networks." ICML 2019



Idea: Aggregate Neighbors

27

• Key Idea: Create node embeddings based on local network 
neighborhoods

CS224W: Machine Learning with Graphs (https://web.stanford.edu/class/cs224w/)

https://web.stanford.edu/class/cs224w/


Idea: Aggregate Neighbors – cont.

28

• Intuition: Nodes aggregate information from their neighbors using 
neural networks

CS224W: Machine Learning with Graphs (https://web.stanford.edu/class/cs224w/)

https://web.stanford.edu/class/cs224w/


The Math: Deep Encoder of a GCN

29

• Basic approach: Average neighbor messages and apply a neural 
network

CS224W: Machine Learning with Graphs (https://web.stanford.edu/class/cs224w/)

https://web.stanford.edu/class/cs224w/


Matrix Formulation

30

• Many aggregations can be performed efficiently by matrix operations.

• Let 𝑯 𝑘 = 𝒉1
𝑘

… 𝒉 𝒱
𝑘

𝑇
 

• Then σ𝑢∈𝒩 𝑣 𝒉𝑢
𝑘

= 𝑨𝑣,: 𝑯 𝑘

• Let 𝑫 be diagonal matrix where 𝑫𝒗,𝒗 = Deg 𝑣 = 𝒩 𝑣  

• Therefore,

σ𝑢∈𝒩 𝑣
𝒉𝑢

𝑘−1

|𝒩 𝑣 |
      →    𝑯 𝑘+1 = 𝑫−1𝑨𝑯 𝑘



Graph Convolutional Networks (GCNs)
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• Given a graph G with adjacency matrix 𝐀 and degree matrix D, we 
define the normalized adjacency matrix ෩𝐀 as ෩𝐀 = 𝐃−1/2𝐀𝐃−1/2.

෡𝒀𝐺𝐶𝑁 = softmax ෩𝑨𝑯(𝐾−1)𝜽

ഥ𝑯(𝑘) ← ෩𝑨𝑯(𝒌−𝟏)

Kipf, T. N. "Semi-supervised classification with graph convolutional networks." ICLR 2017
Wu, Felix, et al. "Simplifying graph convolutional networks." ICML 2019



Graph Convolutional Networks (GCNs) – cont.
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Heat Diffusion Process and GNNs



Newton Law of Cooling
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• “The temperature a hot body loses in a given time is proportional to 
the temperature difference between the object and the 
environment.”

Issac Newton

Anonymous (March–April 1701), "Scala graduum Caloris. Calorum Descriptiones & signa.", Philosophical Transactions, 22 (270): 824–829

https://archive.org/details/philtrans07084697/mode/2up


Diffusion takes many forms

35

• Heat diffusion:
𝑑𝑯(𝑡)

𝑑𝑡
= −Δ𝑯(𝑡)

Joseph Fourier
Heat equation, wikipedia



• Consider a graph G with Laplacian L and a graph signal x on G.

• Signal y = Lx results from multiplying x with the Laplacian.

• Component yi of y is as follows:

yi = σj ∈𝒩i
(xi − xj).

• yi measures the mean difference between x at a node and its 
neighborhood, i.e., difference operator.

Multiplication with the Laplacian

36



• Heat Diffusion Equation:
𝜕x

𝜕t
= div ∇x .

• Laplacian:
Δ𝐗 i = div ∇𝐱 i = σj𝑎ij 𝐱j − 𝐱i .

• Diffusion equations on graphs with an explicit Euler 
discretization:

𝐗 t + h = 𝐗 t + h −L𝐗 t .

Heat diffusion over graph

37Heat equation, Wikipedia

Diffusion on a graph

Laplacian matrix, wikipedia



• Via 
𝑑x
𝑑𝑡

 = −Lx, we say that the signal diffuses through the graph, i.e., 

heat equation.

•
𝑑x
𝑑𝑡

 stands for the time-derivative of x.

• The Euler method updates the temperature after x(t+h) = x(t) − hLx(t).

• Temperature at each location is averaged with its neighbors’ 
temperatures.
• −Lx(t) will be negative (resp. positive) if my temperature is higher (resp. 

smaller) than those of neighbors.

Heat diffusion over graph – contd.

38



• Let us use the normalized Laplacian ෨L and h = 1:

x(t+1) = x(t) − ෨Lx(t) = (I − ෨L)x(t).

• Therefore, GCN by Kipf and Welling uses the following diffusion 
process augmented with a trainable parameter (or diffusivity) W:

x(t+1) = σ((I − ෨L)x(t)W), where σ is a non-linear activation.

• At the same time, one can consider that this is a simple graph filtering 
approach.
• Given H = σℓ=0

𝐿 hℓSℓ, h0 = 0, 𝐿 = 1 and S = I − ෨L = ෩A.

• In fact, GCN uses the first two Chebyshev polynomial terms.

Graph convolutional networks [Kipf & Welling, 2017]

39



Equivalence between LinearGCN and Diffusion Process

40

• Key insight from a continuous perspective:
• LinearGCN’s propagation = a discretization of the diffusion equation

• Graph Diffusion Equation
𝑑𝑿(𝑡)

𝑑𝑡
= −෨𝑳𝑿(𝑡),

where ෨𝑳 = 𝑰 − ෩𝑨 is the normalized Laplacian matrix, and 𝑿(0) is an input 𝑿.

• Discretization
• Applying the forward Euler method with time interval ∆𝑡:

 𝑿(𝑡 + Δ𝑡) = 𝑿(𝑡) − ∆𝑡 ෨𝑳𝑿(𝑡)
 = 𝑿(𝑡) − ∆𝑡 𝑰 − ෩𝑨 𝑿(𝑡)

 = 1 − ∆𝑡 𝑰 + ∆𝑡෩𝑨 𝑿(𝑡)
• Thus, LinearGCN is the Euler discretization of Diffusion Eq. with step size 

∆𝑡 =  1 .
<Choi et al., LT-OCF: Learnable-Time ODE-based Collaborative Filtering, CIKM 2021>



• One of major drawbacks of GCN is oversmoothing.

Challenges with the Diffuse Nature of GNNs

Rusch, T., Bronstein, M.M., & Mishra, S. (2023). A Survey on Oversmoothing in Graph Neural Networks. ArXiv, abs/2303.10993.

Dirichlet energy and MAD of GNNs on CORA [Rusch et al. 2023]Laplacian diffusion matrix (Wikipedia)



• Oversmoothing problem
• All nodes’ last hidden vectors become similar to each other when the number 

of GCN layers is large [Chen et al., 2020a].

Oversmoothing problem

Test accuracy of GCN on CORAMean Avg. Distance (MAD)
42



• Two major drawbacks of these approaches are oversmoothing and 
heterophily nodes.

Challenges with the Diffuse Nature of GNNs

Homophily and Heterophily Graphs
(https://graphml.substack.com/p/gml-newsletter-homophily-heterophily) 

Rusch, T., Bronstein, M.M., & Mishra, S. (2023). A Survey on Oversmoothing in Graph Neural Networks. ArXiv, abs/2303.10993.

Dirichlet energy and MAD of GNNs on CORA [Rusch et al. 2023]

https://graphml.substack.com/p/gml-newsletter-homophily-heterophily
https://graphml.substack.com/p/gml-newsletter-homophily-heterophily
https://graphml.substack.com/p/gml-newsletter-homophily-heterophily
https://graphml.substack.com/p/gml-newsletter-homophily-heterophily
https://graphml.substack.com/p/gml-newsletter-homophily-heterophily
https://graphml.substack.com/p/gml-newsletter-homophily-heterophily
https://graphml.substack.com/p/gml-newsletter-homophily-heterophily


• The history of GCNs is basically the history of battling with the 
oversmooting problem.
• GCNII [Chen et al., 2020b] tries to overcome the problem by i) initial residual 

connection, and ii) identity mapping.

x(t+1) = σ((𝛼(I − ෨L)x(t) + (1 − 𝛼)x(0))(𝛽I + (1 − 𝛽)W))
• A series of graph sparsification methods have been proposed in [Rong et al., 

2019; Hasanzadeh et al., 2020; Zheng et al., 2020].

• Our answer to this problem is to use reaction-diffusion equations.

Oversmoothing problem – contd. 

44



Overcoming the over-smoothing problem
<Choi et al., GREAD: Graph Reaction-Diffusion Neural Networks, ICML 2023>



Turing Pattern and Reaction-Diffusion Equation

46

• The reaction-diffusion equations can 
be written as:

𝜕𝒙

𝜕𝑡
= div ∇𝒙 + 𝑟 𝒙 .

• Reaction-Diffusion equations on 
graphs with an explicit discretization:
𝑿 𝑡 + 𝑠 = 𝑿 𝑡 + 𝑠 −෨𝑳𝑿 𝑡 + 𝑟 𝑿 𝑡 .

Alan Turing, “The chemical basis of morphogenesis”. Phil. Trans. R. Soc. Lond. B, 1952. http://doi.org/10.1098/rstb.1952.0012

https://doi.org/10.1098/rstb.1952.0012


Diffusion Equation-based GNNs

• Many papers proposed similar approaches based on the diffusion 
equation-based interpretation of Graph Neural Networks (GNNs), e.g.,
GRAND [Chamberlain et al., 2021].

Chamberlain, B.P., Rowbottom, J.R., Gorinova, M.I., Webb, S., Rossi, E., & Bronstein, M.M. (2021). GRAND: Graph Neural Diffusion. ICML.



How to Design the Reaction Term?

• Iterating through the low-pass and 
high-pass filters is the reaction-
diffusion equation.

• In computer vision, it is known that an 
alternating sequence of the blurring 
(e.g., xt = −෨Lx) and sharpening (e.g., 
xt = ෨Lx) operations also creates Turing 
patterns.

https://twitter.com/i/status/1327449422532263936

https://twitter.com/i/status/1327449422532263936


How to Design the Reaction Term?

• Iterating through the low-pass and 
high-pass filters is the reaction-
diffusion equation.

A low-pass filter A high-pass filter

https://twitter.com/i/status/1327449422532263936

https://twitter.com/i/status/1327449422532263936


https://twitter.com/i/status/1327449422532263936

• In computer vision, it is known that an alternating sequence of the 
blurring (e.g., xt = −෨Lx) and sharpening (e.g., xt = ෨Lx) operations also 
creates Turing patterns.
• https://twitter.com/i/status/1327449422532263936

Reaction-diffusion equations – contd. 

50

https://twitter.com/i/status/1327449422532263936


• The following visualization (in our ICML paper) also delivers the 
intuition of GREAD’s successful node classification.

• Assume a 2D grid network with 1D node signal (red is high signal, 
blue is low signal).

Reaction-Diffusion Equations for Graphs

<GREAD-BS> <Diffusion Only>

51



• Given a graph signal X ∈  ℝ𝑁×𝐷, GREAD consists of the following 
three parts:
• Initial embedding layer: H(0) = e(X),

• Reaction-diffusion layer: H(T) = H(0) + ׬
0

𝑇
−α෨LH(t) + βr H(t) 𝑑t,

• Output layer: ොy = o(H(T)).

• We also proposed to learn a normalized adjacency matrix ഥA as in [Li et 
al., 2018], and its Laplacian counterpart is തL = (I − ഥA).
• We use the self-attention method to learn a graph from data.

Graph neural reaction-diffusion networks

52



• Given a hidden signal H(t) ∈  ℝ𝑁×𝐷 at time (or layer) t, we apply the 
blurring operation:

B(t) = H(t) − തLH(t) = H(t) + (ഥA − I)H(t) =ഥAH(t).

• We then apply the following sharpening operation:

H(t+1) = B(t) + തLB(t) = H(t) − തLH(t) + (ഥA − ഥA𝟐)H(t).

• Therefore, our main proposed model, GREAD-BS, is as follows:

H(T) = H(0) + 0׬

T
−αതLH(t) + β(ഥA − ഥA𝟐)H(t)𝑑t.

Blurring-sharpening equations

53



Architecture of GREAD-BS

H(T) = H(0) + ׬
0

𝑇
−αതLH(t) + β(ഥA − ഥA𝟐)H(t)𝑑t

Discretize into L steps with the 4th-order 
Runge-Kutta solver

Hidden signal
Hidden signal with 

Turing patterns

54



Experimental Results

55



Experimental Results

56

• We also have other experimental results saying that
• GREAD-BS works well irrespective of the homophily rate.

• GREAD-BS alleviates the oversmoothing problem.



GNNs: A Brief History

57

GCN 
(Kipf & Welling, 2017)

GraphSAGE
(Hamilton et al., 2017)

Neural MP
(Glimer et al., 2017)

2017

GAT
(Velickovic et al., 2018)

NRI
(Kipf et al, 2018)

JKNet
(Xu et al, 2018)

Many new GNNs fast developed!

20182015-2016

Original GNN
(Gori et al., 2005)

2005

Spectral Graph CNN 
(Bruna et al., 2015)

ChebNet
(Defferrard et al., 2016)

GGNN
(Li et al., 2016)

2019

SGC
(Wu et al., 2019)

APPNP
(Klicpera et al., 2019)

GDE
(Poli et al., 2019)

2020

GCNII
(Chen et al., 2020)

CGNN
(Xhonneux et al, 2020)

H2GCN
(Zhu et al, 2020)

2021

DGC
(Wang et al., 2021)

GRAND, BLEND
(Chamberlain et al., 2021)

FAGNN
(Bo et al., 2021)

GPR-GNN
(Chien et al., 2021)

BernNet
(He et al., 2021)

GCON
(He et al., 2022)

GGCN
(Yan et al, 2022)

GRAFF
(Di Giovanni et al, 2022)

2022

GREAD
(Choi et al., 2023)

ACMP
(Wang et al., 2023)

Drew
(Gutteridge et al., 2023)

2023



Overcoming the over-squashing problem
<Choi et al., PANDA: Expanded Width-Aware Message Passing Beyond Rewiring, 

ICML 2024>



Over-squashing problem

59

• The over-squashing problem was introduced in [Alon & Yahav, 2021].
• information from a node’s exponentially-growing receptive field is 

compressed into a fixed-size vector.

<Over-squashing example>

Long-distance dependency + Fast volume growth = Over-squashing

<Accuracy across problem radius (tree depth)>



Over-squashing Problem – contd.

60

• The rewiring method is popular to solve the over-squashing problem [Topping 
et al., 2021, Karhadkar et al., 2022, Arnaiz-Rodríguez et al., 2022, Deac et al., 
2022].

<An example of rewiring method in [Topping et al., 2021]>



Over-squashing problem – contd.

61

• Following the study by Alon & Yahav, it became popular to find 
indicators for over-squashing and propose rewiring methods.

• The Ricci curvature was used in [Topping et al., 2021].
• In differential geometry, a natural object that allows us to distinguish different 

geometries is the Ricci curvature.

• The over-squashing problem is caused by strongly negatively-curved edges.

<Ricci curvature on manifolds> <Ricci curvature on graphs>



Over-squashing problem – contd.

62

• Large commute-time distances contribute to oversquashing.
• Spectral rewiring: increase the Cheeger constant of the graph 

(“clusterdness”)., which leads to lower commute time [Karhadkar et al., 2022, 
Arnaiz-Rodríguez et al., 2022 ].

• Spatial rewiring: inserting edges reduces the total effective resistance of the 
graph (=commute-time distance up to scale) [Topping et al., 2021, Deac et al., 
2022].

<Effect of different rewiring methods  on the graph connectivity in [Di Giovanni et al., 2023]>



Over-squashing problem – contd.

63

• Let us consider an MPNN (GNN) of the following form.
𝒉𝑣

ℓ+1
= 𝜙(ℓ) 𝒉𝑣

(ℓ)
, 𝜓 ℓ ({𝒉𝑢

ℓ
: 𝑢 ∈ 𝒩(𝑣)})

• Small Jacobian norms indicate poor information propagations [Di 
Giovanni et al., 2023].
• 𝐿 = depth (number of layers)

• 𝑝 = width (hidden dimension)

• 𝑧 = Lipschitz constant

• 𝑤 = maximum element of weight matrices 

Theorem (Sensitivity bound): For any 𝑢, 𝑣 ∈ 𝑉

𝜕𝒉𝑣
(ℓ)

𝜕𝒉𝑢
(0)

1

≤ 𝑧𝑤𝑝 𝐿 𝑰 + 𝑨 𝑖𝑗
𝐿

model topology



Limitations of rewiring methods

64

• Existing rewiring methods only focus on rewiring that changes the 
graph topology to address over-squashing.

• The rewiring methods can inadvertently introduce inaccuracies within 
domain-specific contexts.

<Potential pitfalls of rewiring in domain-specific graphs>



Motivations

65

• Di Giovanni et al. (2023) provide a theoretical justification that 
increasing the width of the model (i.e., the hidden dimension) can 
also improve its sensitivity. 

• We aim to design a new message passing paradigm that mitigates 
over-squashing by selectively expanding the widths of bottleneck 
nodes.

Theorem (Sensitivity bound): For any 𝑢, 𝑣 ∈ 𝑉

𝜕𝒉𝑣
(ℓ)

𝜕𝒉𝑢
(0)

1

≤ 𝑧𝑤𝑝 𝐿 𝑰 + 𝑨 𝑖𝑗
𝐿

model topology
<Bottleneck nodes [Yu et al, 2007]>



Proposed method

66

• We can define bottleneck nodes as high centrality nodes in terms of 
betweenness centrality and so on [Yu et al., 2007, Topping et al., 
2022].

• Increasing the hidden widths of the bottleneck nodes enables 
capturing more information.



Proposed method – contd.

67

• Our PANDA message passing works in the following way.
• First, we selectively expand widths according to centrality measures.

• Then, our PANDA message passing enables signal propagation among nodes 
with different widths (low and high-width nodes).

𝑓(⋅): A linear transformation that 

expands the width of low-dim nodes.

𝑔(⋅): A dimension selector that selects 

dimensions to be propagated from 
high-dim nodes to low-dim nodes.



Experimental Results

68



Experimental Results – contd.

69

<PANDA-GCN vs. R-GCN>

<Performance comparison by various centrality measures for PANDA-GCN>



Experimental Results – contd.

70

Empirical sensitivity across layers for GCN on MUTAG.

Compared to other methods, PANDA shows higher 
sensitivity that is maintained even in deeper layer.

The amount of signal propagated across the graph 

w.r.t. the normalized total effective resistance. 

PANDA maintains continuous information flows even 
under high bottleneck conditions.



Summary

71

Architecture of GREAD-BS

(T)	= 	 (0)	+ 	∫−α ( t)	+ 	β( 	−	 � ( t) � t

Discretize into L steps with the 4th-order 
Runge-Kutta solver

Hidden signal
Hidden signal with 

Turing patterns

13

Over-smoothing Over-squashing
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