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Research Covered in This Talk
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• Recommender Systems:
• LT-OCF (CIKM’21), BSPM (SIGIR’23)

• Graph Neural Networks:
• GREAD (ICML’23)

J. Choi, J. Jeon, and N. Park, “LT-OCF: Learnable-Time ODE-based Collaborative Filtering,” in CIKM. 2021.

J. Choi, S, Hong, SB, Cho, and N. Park, “Blurring-Sharpening Process Models for Collaborative Filtering,” SIGIR 2023
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Tasks on Graphs
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Graph Convolutional Networks (GCNs)
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Simple Graph Convolution (SGC)
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!"!"# = softmax +,-

!" ← $!"

!%(#) ← &$%(%&')

!""#$ = softmax ./,(&'()-

Wu, Felix, et al. "Simplifying graph convolutional networks.", in ICML 2019.



Linear GCN
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• Linear GCNs achieve comparable performance to non-linear GCNs.

• Simple Graph Convolution (SGC)
• Given input !, label ", adjacency matrix #, SGC predicts with

$"012 = softmax -#3!. .
• ! propagation steps (core):

,(&) ← ./,(&'(), where ./ = 5'(/+/5'(/+ ⟹ , & = ./&,
• Linear classification:

!"!"# = softmax ,(&)- .

• Advantages: memory and parameter efficiencey (preprocessed features).
• Disadvantage: oversmoothing, inferior performance.

Wu, Felix, et al. "Simplifying graph convolutional networks.", in ICML 2019.
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Newton Law of Cooling
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• “The temperature a hot body loses in a given time is proportional to 
the temperature difference between the object and the 
environment.”

Issac Newton
Anonymous (March–April 1701), "Scala graduum Caloris. Calorum Descriptiones & signa.", Philosophical Transactions, 22 (270): 824–829

https://archive.org/details/philtrans07084697/mode/2up


Diffusion takes many forms
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• Heat diffusion:
!"($)
!$ = −Δ"($)

Joseph Fourier
Heat equation, wikipedia



Laplacian Diffusion on Graphs
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!"($)
!$ = −(" $ .

• The following differential equation is a temperature distribution 
across a graph G.

• Let L=D−A be the Laplace matrix of G.

Laplacian matrix, wikipedia
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Equivalence between SGC and Diffusion Process
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• Key insight from a continuous perspective:
• SGC’s propagation = a discretization of the diffusion equation

• Graph Diffusion Equation
0!(2)
02 = −56!(2),

where 56 = 8 − -# is the graph Laplacian matrix, and !(0) is an input !.



Equivalence between SGC and Diffusion Process
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• Key insight from a continuous perspective:
• SGC’s propagation = a discretization of the diffusion equation

• Graph Diffusion Equation
0!(2)
02 = −56!(2),

where 56 = 8 − -# is the graph Laplacian matrix, and !(0) is an input !.

• Discretization
• Applying the forward Euler method with time interval ∆2:

	!(2 + Δ2) = !(2) − ∆256!(2)
= !(2) − ∆2 8 − -# !(2)
= 1 − ∆2 8 + ∆2-# !(2)

• Thus, SGC is the Euler discretization of Diffusion Eq. with step size ∆2 = 	1	.



GNNs Inspired by Diffusion Process
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!(") = #!("$%)!*($)
!$ = −(*($)

!" ← $!!



Ordinary Differential Equations (ODEs) (1/4)
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• Initial value problem:
0? 2
02 = @ ? 2 , 2, A ; ? 28 . is given; ? 29 =?

• Solution:

? 29 = ? 28 +I
:'

:(
@(? 2 , 2, A) 02



Ordinary Differential Equations (ODEs) (2/4)
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• Initial value problem:
0? 2
02 = @ ? 2 , 2, A ; ? 28 . is given; ? 29 =?

• Solution:

? 29 = ? 28 +I
:'

:(
@(? 2 , 2, A) 02

What if this cannot be 
analytically integrated?



Ordinary Differential Equations (ODEs) (3/4)
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• Initial value problem:
0? 2
02 = @ ? 2 , 2, A ; ? 28 . is given; ? 29 =?

• Solution:

? 29 = ? 28 +I
:'

:(
@(? 2 , 2, A) 02

Approximation to ∫!!
!" #(% & , &, () *& i.e. 

Numerical Integration:
• Euler method
• Runge-Kutta methods
• …



Ordinary Differential Equations (ODEs) (4/4)
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• Euler’s method / RK-1 method:
• 2;<9 = 2; + ℎà Step size ℎ
• ? 2;<9 = ? 2; + ℎ@(? 2; , 2;)à Update using derivative @

https://www.freecodecamp.org/news/eulers-method-explained-with-examples/

https://www.freecodecamp.org/news/eulers-method-explained-with-examples/


Neural ODEs (Chen et al., NeurIPS ‘18) 
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• Initial value problem:
0? 2
02 = @ ? 2 , 2, A ; ? 28 . is given; ? 29 =?

• Solution:

? 29 = ? 28 +I
:'

:(
@(? 2 , 2, A) 02

+ is neural network!

https://arxiv.org/abs/1806.07366

https://arxiv.org/abs/1806.07366


What's the Big Deal?
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• Initial value problem:
0? 2
02 = @ ? 2 , 2, A ; ? 28 . is given; ? 29 =?

• Solution:

? 29 = ? 28 +I
:'

:(
@(? 2 , 2, A) 02

+ is diffusion equation!         !"($)!$ = −(*($)
+ can be linear GCNs!               

https://arxiv.org/abs/1806.07366

https://arxiv.org/abs/1806.07366


GNNs Inspired by Diffusion Process
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!(") = #!("$%)!*($)
!$ = −(*($)

!" ← $!!
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Recommender Systems
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• Building a good recommender remains an active research area.

An example of recommender systems



Collaborative Filtering (1/2)
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• Collaborative Filtering (CF) is a long-standing research problem of 
recommender systems.
• CF is to predict users’ preferences from patterns.

Interaction matrix

bipartite graph

00111

1?010

01100

users

items

!!
!"
!# "$

"#
""
"!

"%

?



Collaborative Filtering (2/2)

29

• Let ) ∈ 0,1 |,|×|.| be an interaction matrix. 

• Matrix factorization had been widely used.

• $K = L! M L"
• These days, however, GNN-based methods are popular for CF.



• High-order connectivity from user-item interactions
• Definition: the paths that reach N9 from any node with the path length O

larger than 1.
• A natural way to encode collaborative signal in the interaction graph 

structure.

High-Order Connectivity

30
User-Item Interaction Graph High-order Connectivity for =(



A Timeline of Collaborative Filtering (CFs)
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GCN inspired CF

Lighter GCN-based CF

MF-BPR [UAI’09]
Neu-MF [WWW’17]

LightGCN [SIGIR’20]
LR-GCCF [AAAI’20]

MF and its variants

NGCF [SIGIR’19]

Heat Diffusion inspired CFLT-OCF [CIKM’21]
u(0) u(K)ODE

initial user
embedding

final user
embedding

p(0) p(K)ODE
initial product

embedding
final product
embedding

+ + + +...... +

+ ++ +...... +

co-evolving

J. Choi, J. Jeon, and N. Park, “LT-OCF: Learnable-Time ODE-based Collaborative Filtering,” in CIKM. 2021.



LightGCN
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• A matrix form of linear GCNs:
.(/) = /0.(/01)

• Layer combination (weighted sum):
. = 12.(2) + 11/0.(2) +⋯+ 13/03. 2

X. He, K. Deng, X. Wang, Y. Li, Y. Zhang, and M. Wang, “LightGCN: Simplifying and Powering Graph Convolution Network for Recommendation,” in SIGIR 2020.



LT-OCF: Learnable-Time ODE-based CF (1/2)
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!4($)
!$ = −54($) .(/) = /0.(/01)

• LT-OCF redesigns the linear GCN on top of the concept of ODEs.

• LightGCN corresponds to discrete thermal diffusive processes.

• LT-OCF corresponds to continuous thermal diffusive processes.



LT-OCF: Learnable-Time ODE-based CF (2/2)
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• Why we redesign?
• Linear GCNs can be interpreted as the diffusion equation concept.
• Time variable 2 is not only continuous but also trainable.

u(0) u(K)ODE
initial user
embedding

final user
embedding

p(0) p(K)ODE
initial product

embedding
final product
embedding

+ + + +...... +

+ ++ +...... +

co-evolving

The architecture of LightGCN Our proposed LT-OCF



Learnable Time Architecture
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• We extract 6 $ and 7 $ with different learnable time-points.

4 &" = 4 0 + 8
#

!"
# 9 & *&, 9 &" = 9 0 + 8

#

!"
: 4 & *&,

4 ! = 4 &$ + 8
!#

%
# 9 & *&, 9 ! = 9 &$ + 8

!#

%
: 4 & *&,

u(0) u(t1)
ODE

p(0) p(t1)

u(t2)

p(t2)

u(K)

p(K)

+ +

+ + +

+

+

f f

+

ODE

+

f f

+

ODE

+

f f

+

ODE

+

f f

+

ODE

+
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+

ODE

+
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Our proposed dual co-evolving ODEs 



Trianing Curves of Time Points
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Training curve of >, in Amazon-book
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Experimental Results
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• LightGCN achieves significant improvements over the baselines.

J. Choi, J. Jeon, and N. Park, “LT-OCF: Learnable-Time ODE-based Collaborative Filtering,” in CIKM. 2021.



A Timeline of Collaborative Filtering (CFs)
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GCN inspired CF

Lighter GCN-based CF

MF-BPR [UAI’09]
Neu-MF [WWW’17]

LightGCN [SIGIR’20]
LR-GCCF [AAAI’20]

MF and its variants

NGCF [SIGIR’19]

Heat Diffusion inspired CFLT-OCF [CIKM’21]

Graph Signal Processing BSPM [SIGIR’23]

u(0) u(K)ODE
initial user
embedding

final user
embedding

p(0) p(K)ODE
initial product

embedding
final product
embedding

+ + + +...... +

+ ++ +...... +

co-evolving

[Choi et al.] “Blurring-Sharpening Process Models for Collaborative Filtering,” SIGIR 2023



Blurring? Low-pass Filters!

39

• Low-pass Filter

Original Image Filtered Image



Various Filters
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• Low-pass Filter (LPF)
• passes signals with a lower frequency and attenuates ones with a higher 

frequency.

• High-pass Filter (HPF) 
• passes signals with a higher frequency and attenuates ones with a lower 

frequency.



Graph Filter (1/2)
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• A low-pass filter smooths the 
node self-information by taking 
the average of its neighboring 
information into account. 

• A high-pass filter computes the 
difference between the node self-
information with its neighboring 
information. 



Graph Filter (1/2)
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• A low-pass filter smooths the 
node self-information by taking 
the average of its neighboring 
information into account. 

• A high-pass filter computes the 
difference between the node self-
information with its neighboring 
information. 



Graph Filter (2/2)

43

• 5 = 898;
• Given a graph Laplacian matrix 5, as well as its eigenvectors 8 and 

eigenvalues :, then the graph filter ;(5) is defined as follows:

where ℎ(A) is the filter defined on the eigenvalues.



Existing methods
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• Comparison of existing methods. 
• Our BSPMs not only combine the blurring and the sharpening processes but 

also interpret them in a continuous time domain. 



Score-based Generative Models (SGMs)
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• Score-based generative models (SGMs) 
• Blurring and Sharpening Process Models (BSPM) is greatly inspired by the 

recent successes of score-based models for deep generative tasks.

[Song et al., 2021]

[Song et al.] Song Y, Sohl-Dickstein J, Kingma D et al., “Score-Based Generative Modeling through Stochastic Differential Equations,” in ICLR. 2021.

“recover”“perturb”



SGMs and BSPMs
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The comparison between SGMs and our BSPMs 



Blurring and Sharpening Process Models (BSPM)
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The blurring process is a core of collaborative filtering.
In general, popular items are recommended to users after this process.

The sharpening process increases the accuracy while user-specific, less popular 
items are also recommended. (* it needs to be sophistically designed)



Experimental Results

48



Efficacy of the Sharpening Process
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• Additional use of coverage and novelty evaluation indicators



Novelty – “New to you”
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Empirical Model Complexity
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• Since our method does not include any training step, it is much faster 
than other methods.

The training time of LightGCN, and the pre-processing time of our method

The inference time of BSPM and GF-CF 



Case Studies

52Histogram of Amazon-book’s node degrees of correctly recommended items (i.e., hits). 

Node degrees of hits (correctly recommended items) on Amazon-book
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Node Classification

54https://graphml.substack.com/p/gml-newsletter-homophily-heterophily

https://graphml.substack.com/p/gml-newsletter-homophily-heterophily


What If We Repeatedly Blurring & Sharpening?
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Turing Pattern
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Reaction-diffusion Equation
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• The reaction-diffusion equations can be written as:
<6
<$ = =∇<6 + ? 6 .

• Using the Euler scheme, we can rewrite reaction-diffusion equation:

6 $ + Δ$ = 6 $ + Δ$ −=56 $ + ? 6 $ .



An Illustriative Comparison
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• Diffusion equation • Reaction-diffusion equation



Graph Reaction-Diffusion Networks
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• Graph Reaction-Diffusion Networks (GREAD):

4 A = 4 0 + ∫2
; C 4 $ !$, 

C 4 $ ∶= −54 $ + ? 4 $ .

Choi, J., Hong, S., Park, N., & Cho, S. B. “GREAD: Graph Neural Reaction-Diffusion Equations”. ICML 2023.



Node Classification
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Summary
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LT-OCF: Learnable-Time ODE-based CF (2/2)

27

• Why we redesign?
• Linear GCNs can be interpreted as the diffusion equation concept.
• Time variable ! is not only continuous but also trainable.

u(0) u(K)ODE
initial user
embedding

final user
embedding

p(0) p(K)ODE
initial product

embedding
final product
embedding

+ + + +...... +

+ ++ +...... +

co-evolving

The architecture of LightGCN Our proposed LT-OCF

Blurring and Sharpening Process Models (BSPM)

39

The blurring process is a core of collaborative filtering.
In general, popular items are recommended to users after this process.

The sharpening process increases the accuracy while user-specific, less popular 
items are also recommended. (* it needs to be sophistically designed)

GNNs Inspired by Diffusion Process

18

!(") = #!("$%)!"($)
!$ = −("($)

!" ← $!!

An Illustriative Comparison

50

• Diffusion equation • Reaction-diffusion equation
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